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A general method which permits the derivation of the equations which describe the approach to equi-
librium correct to an arbitrary finite order in the coupling constant is presented. This method is applied
in the present paper to normal modes interacting through three-phonon processes. In a subsequent paper
the method will be applied to interacting particles. The distribution function is first Fourier-analyzed
with respect to the angle variables. All Fourier components, except the distribution function of action
variables, describe correlations among the normal modes. The formal solution for the Fourier components
is studied in the limiting case of a very large number of degrees of freedom N — o, and for large times by
means of a diagram technique. Each component p3, can be split into 2 parts: ps»’ and ps.”’; one (o) due to
“scattering” of the normal modes satisfies diagonal differential equations. The other (ps.”’) contains the
direct interaction between the normal modes involved in the corresponding correlation. It is completely
determined by the functions ps.’. The study of this set of equations enables us to study the approach to

equilibrium,

1. INTRODUCTION

N two recent papers!? one of us (I. P.) and R. Balescu
have studied the approach to equilibrium by a
method which involves essentially the following steps:

(a) specification of the class of initial distribution
functions to which the method applies (extensive and
intensive variables in the thermodynamic sense may be
already defined at the initial time);

(b) an expansion of the phase density in a Fourier
series (in this “representation” the unperturbed Liou-
ville operator L, is diagonal, and 8L off-diagonal);

(c) the study of the time evolution of the Fourier
coefficients by means of a perturbation method which
finds its most concise expression in a diagram technique.

No special assumptions about the Hamiltonian are
made; also no assumption equivalent to Van Hove’s?
diagonal singularity condition is required.*

* Chargé de Recherches du Fonds National Belge de la Re-
cherche Scientifique.

11. Prigogine and R. Balescu, Physica 25, 281 (1959).

2 1. Prigogine and R. Balescu, Physica 25, 302 (1959).

3 L. Van Hove, Physica 21, 517 (1955).

4 The validity of this condition will be discussed by J. Philippot
in a forthcoming paper.

In these papers!? we had first considered the situa-
tions corresponding to weakly coupled gases or to low
concentration. We have then shown that retaining all
diagrams which give asymptotically contributions of
order N(A%)”, n=arbitrary integer® [instead of ()],
we obtain an equilibrium distribution correct to order A.
This case, as well as similar ones studied before,® led us
to the conjecture that if all diagrams up to the order
A™(\2)" are retained, the final equilibrium distribution
function would be correct to order A”. This may indeed
be expected provided the product A% is finite. The time
interval ¢ in which we are interested is of the order of
the relaxation time, which may be expected to be pro-
portional to A~? multiplied by some polynomial in A
which reduces to one for A — 0.

We want therefore to discuss evolution equations for
the Fourier coefficients which include all contributions
of the form Ar(\2)*, 0 < r<m. The method of “‘enumer-
ation” of diagrams used in footnote reference 2 becomes
rapidly impracticable when one considers the case
m>1. Therefore a new, much more compact method
valid for an arbitrary order A™ is discussed in this as
well as in the next paper of this series.

5\ is the coupling constant in the Hamiltonian (4 =Ho-+A17).
6 T. Prigogine and F. Henin, Physica 23, 585 (1957).
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350 I.

Here we shall discuss the case of normal modes inter-
acting through anharmonic forces, while in a subsequent
paper we shall discuss the case of molecules interacting
through intermolecular forces (the case of “gases”).
The method we shall use is the same but there are some
minor differences. Indeed in the case of gases, one is
concerned with the limiting procedure (¥ number of
particles, & volume)

N> o, Q-— o, N/Q=concentration, finite.

(1.1)

On the contrary, in the case of solids, the ratio N/Q
is fixed by the lattice constant. The limiting procedure
then reduces to

N— o,

(1.2)

This is necessary to eliminate surface effects in the
evolution of the system and has the important con-
sequence that the frequency spectrum becomes dense.
It is only in this limit that one can speak strictly about
irreversibility.

There exists also a difference in the nature of the
diagrams (see Sec. 6). They are much simpler than for
the case of gases. Here there are basically only two

diagrams, one corresponding to creation of correlations, .

the other to destruction. For this reason we have con-
sidered first the case of normal modes.

We shall show (see Secs. 9 and 10) that the evolution
equations valid to an arbitrary order have a very simple
form when expressed in terms of diagrams. We shall
split the Fourler coefficients p3. corresponding to n
3-phonon correlations into two contributions pi.’, ps’”
according to the nature of the diagrams which give
rise to them. We shall then show that ps, satisfies a
diagonal differential equation, while p3,”' is determined
by pan’. The existence of such diagonal equations is an
enormous simplification.

We had already investigated in an earlier paper the
possibility of a preliminary change of variables in order
to give to the equations a simpler form.* There are
many features in common between our earlier approach
and the present paper. We had however not taken into
account the order in XA of the initial Fourier coefficients.
Moreover, we used the diagonal singularity condition.
To introduce the necessary changes finally appeared
to us to be more difficult than to make a different
start using more systematically our diagram technique.

The meaning of the evolution equations is discussed
in detail in Sec. 13. We then study the approach to
equilibrium in the lowest orders in A, In the lowest
possible approximation corresponding to the weakly
coupled case, one obtains asymptotically as expected
the equilibrium distribution unperturbed by the an-
harmonic forces. In the next two approximations, one
obtains the equilibrium distribution correct respectively
to order A and A2, However, because of the mathematical
complexity of some of the operators involved, we have
not yet been able, in the case of solids, to discuss the
approach to equilibrium to an arbitrary order in A.

PRIGOGINE AND F.
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From this point of view the situation is simpler in the
case of gases. As will be shown in our subsequent paper;
there it is possible to discuss completely the approach
to equilibrium to an arbitrary order in A and to establish
therefore an H theorem of an extreme generality.

We shall see that this is ultimately caused by the
fact that the velocity distribution function for particles
interacting through velocity-independent forces is not
modified by the interaction, while this is not so for the
case of normal modes because the anharmonic forces
when expressed in angle-action variables become action
dependent.

2. LIOUVILLE OPERATOR

We shall consider three-phonon processes. The exten-
sion to higher-order processes is trivial. Using angle-
action variables, the Hamiltonian of the system can be
written? as follows:

H=Hy+AV
—Z w;,]g—*‘A Z {I EEKT exp[‘i(ak-}—a:ﬁ—f‘a@“}]

k7R
+3V g eXp[’i (oo —-0!;;~)]+C.C.}

X (T T fwnopwi)t, (2.1)

where the summations over wave vectors are over half
the Brillouin zone only and where we restrict ourselves
to the cubic term in the anharmonicity. The Liouville
operator associated with the Hamiltonian (2.1) is

L=Lg+N61, (2.2)
a
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F16. 1, Basic diagrams.

1. Prigogine and J. Philippot, Physica 23, 569 (1937).
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F16. 2. Example of elementary diagram. Diagrams corresponding
to the matrix element (3;2p —44{0}|8Z]2:35—34{0}).

The eigenfunctions | {#x}) of the unperturbed Liouville
operator L are

Lot {m})= (2x)~N12L, exp (2 2_x 1)
‘ =1k mawon) | {mi} ),
where the #,’s are integers. It is easily verified that the

only nonvanishing matrix elements ({n}|8L|{n:'})
are of the form’

(2.5)

<1’lk, Brey Nyrry {m} ]6L| nkzlzl, ne=1, 1, {n;})

. e M M 0
= iV:Fk?k';k"[ + ] +
2Jy 2Jw 204 3T
] d TiT e Ty }
et ] ( ————) (2.6)
T 0Tk I\ wpwprwys

with k%' +%"=0, modulo a reciprocal lattice vector.
There is a formal analogy between (2.6) and the matrix
elements in the quantum theory in occupation number
representation ; the #’s correspond to momenta and the
7i’s to number of particles (1#,>0) or holes (7,<0). As
in the latter theory, we shall represent an eigenfunction
{{n}) by a set of {#n:} lines with arrows toward the
left or the right according to whether #; is positive or
negative. The effect of the operator 6L in a nonvanishing
matrix element is to modify the initial state by de-
struction or creation of three lines. The basic diagrams
are given in Fig. 1. Any nonvanishing matrix element
({n}|6L|{n'}) can be obtained from one of those
diagrams by adding either a set of {#:} lines to the
diagram abc or d or a set of {#;'} lines to the diagram
a’b'c’ or d' (see Fig. 2).

In Fig. 2, we have taken into account the fact that
only the number of lines with a given wave vector
matters. A “positive” (——) and a “negative” (——)
line cancel each other just as a particle and a hole line
do in the quantum theory. In these diagrams, the lines
represent angle correlations between the normal modes.
The eight basic diagrams of Fig. 1 are of two types:
destruction (abcd) of a correlation between 3 normal
modes or creation (a'd'c’d’) of such a correlation. This
represents a great simplification if we compare it with
the case of gases,! where there are six different types of
basic diagrams. It might however be interesting to note
that not all general diagrams can be interpreted as a
“creation” or “destruction” of a correlation. For
instance, in the diagram of Fig. 2, we deal with a
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diagram which represents a continuation of the initial
correlation between the normal modes involved in the
initial state. However, in the following we shall restrict
ourselves to the case of homogeneous systems and the
only diagrams which will appear are unambiguously of
the “creation” or “destruction” type. Another differ-
ence between the problems of solids and gases is related
to the fact we deal here with numbers of undiscernible
excitations rather than with individual particles.
Therefore, connected diagrams do not play any special
role. Taking into account the fact that only the total
number of lines with a given wave vector matters, any
connected diagram can always be written as a noncon-
nected diagram (see Fig. 3). From this point of view,
our diagrams are much more similar to those of the
quantum theory in occupation number representation
than the diagrams in the case of gases. Except for these
differences, the theory for gases and solids will proceed
along the same lines. The distribution function is
Fourier analyzed with respect to the angle variables.
The formal solution for the Fourier components is
studied asymptotically; the order of magnitude of a
given term depends on the topology of the correspond-
ing diagram and the initial conditions. Those initial
conditions are chosen in such a way that extensive or
intensive properties of the system in the thermody-
namic sense may be defined. Let us consider more
closely this last point.

3. EQUILIBRIUM DISTRIBUTION FUNCTION

We consider the canonical equilibrium distribution
function and expand it in a power series of A

pesit = expl — (Ho4-AV)/AT] / f f (dTda)

Xexp[— (Ho+AV)/kT]

[—Ho/kT] {1 W LN
LT BT 2 (RT)?

Tewor
(kDN
1 A2

i (kT)z[f f v
~f...f(djda)lvw]-|->é'--- l (3.1)

RINIAYAN
e

(a) equivalent to (b)

Fi16. 3. Example of connected diagrams. Diagram corresponding
to the product of matrix elements: (np=1|6L|n;=1, ny»=1)
X(m*——l, ﬂk"=1|5L|nz= 1, Nir= 1, nk:=l).
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where in V2, we keep only the terms which are angle
dependent. This function has a complicated N de-
pendence. Indeed, each 3 w1 contains N2 terms and
each coefficient Vi i-=0[1/(N)¥]. Therefore, we see
that

pil=0{ 14 AN NN NN+ - ). 3.2)
A series expansion in power of A\ might therefore be
questioned. However, we do not need p itself to obtain
the macroscopic properties of the system, but we need
only reduced distribution functions for a finite number
of degrees of freedom. It can be readily verified that
those reduced distribution functions are independent of
N. As a result we can define extensive and intensive
quantities. For instance, one can immediately verify
that the mean energy of the system is proportional to N
. [+ f s
—_——— e dJde)N(H, +>\'V)pequil
N N (e

=0(14N2+-- ),

and that moments of a finite order like (#niUngtins),
where u, is the displacement of the #th atom from its
equilibrium position, are independent of the size of the
system

<un1'un2‘un3>=[M(N)]—% z {exp[i(kan1+k'an2+k"an3)]
kk'k’*

(3.3)

X{(J T wr)¥ expli(oxtap+an))

+similar terms}=0(\), (3.4)

where M ) is the total mass of the crystal and a, the
lattice vector for the nth atom. We shall always choose
our initial conditions in such a way that extensive and
intensive properties may be defined. In other words we
only consider such nonequilibrium situations for which
N — o, E/N=independent of N,

{tnyunsuns)=independent of N, etc. (3.5)

We shall express this condition in terms of Fourier
coefficients in Sec. 5.

4. FOURIER ANALYSIS OF THE DISTRIBUTION
FUNCTION

We may Fourier analyze the distribution function
o({Jx},{ax},t) with respect to the angle variables

p({J},{ar} t) = (2m)~N72 {Z) ptne) ({J},0)

Xexp(i 2 mi(ar—wit) ]

k

(4.1)

The set of Fourier coefficients pinz} may be called
the interaction representation of the distribution func-
tion. As in the case of gases, the Fourier coefficients
have a simple physical meaning. For instance, p{o} is the
distribution function of the action variables. The other
coefficients describe angle correlations between the
normal modes.

PRIGOGINE AND F. HENIN

Homogeneous systems are characterized by the con-
dition that moments like (%nitns- - - un,) are unaffected
by a translation

4.2)

This implies® that the only nonvanishing Fourier coef-
ficients are those for which X kny=0. The evolution
equations for the Fourier coefficients are readily derived
from the Liouville equation:

(unlung e unr> = <un1 +mUng+m:* * Un, +m>-

Ap tnx)

=\ X expli T (me—mi et ]

at {ng’} k
X{{me} |8L] {me'} Yo tne1 (£).

If we take into account the condition (2.6) for the non-
vanishing of the matrix elements of 5L, we see that the
set of equations (4.3) can be decomposed into com-
pletely independent sets of equations. All the Fourier
coefficients in a given set are such that they correspond
to states with the same value for 3_ k#s. Therefore all
homogeneous Fourier components form an independent
set; in other words, if the system is initially homeo-
geneous, it will remain so during its entire evolution.

Because we only kept the cubic term in (2.1) we
have a more restrictive condition on the Fourier coef-
ficients which form an independent set. They must
correspond to states which are connected by creations
or destructions of correlations between three normal
modes. For instance,

(4.3)

with +k+k £E"=0,
with xkk +£"=0,

plo}, PElplp 1k

PEIVESTUESVIESFES FIE2 § 21

and

+ll +1"=0, 44)

form such a set. Although paip+ip 1p-x15 with
4ktk £k’ +k"'=0 is also an homogeneous com-
ponent, it is independent of the previous ones, but this
is entirely caused by our neglect of the quartic term in
(2.1). For the same reason, the equilibrium distribution
(3.1) contain only the coefficients of the series (4.4).
For consistency, we shall say that an homogeneous
system is a system where the only nonvanishing co-
efficients are those of the series (4.4). Higher-order
terms could be included in (2.1) but this would intro-
duce no new features.

etc.

5. INITIAL CONDITIONS—HOMOGENEOUS SYSTEMS

On taking into account (3.1) and (4.1), we see that
at equilibrium, the dependence on N and X of the
Fourier coefficients describing a correlation between 3#
normal modes is

psnttiil= N7/ N1 NN NN -}, (5.1)

where each term in the bracket is in fact a difference
between terms of the given order in N. We have already

8 R. Brout and I. Prigogine, Physica 22, 621 (1956).
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seen that this type of dependence permits the precise
definition of extensive and intensive properties. We
shall choose the following initial conditions:

psn(0) =0(A"/N"1%), (5.2)

p3.(0) can contain higher-order terms as in (5.1). As
will be seen from the equations of evolution, the con-
sequence of this is that ps.(f) at any time ¢ has the
same XA and V dependence as p3.2aul,

With respect to A, the choice (5.2) is somewhat more
arbitrary than the choice for the N dependence. Its
main advantage is its persistence during time. However,
other situations might be considered. As (5.2) plays a
role in determining the order of magnitude of various
contributions, other initial conditions will in general
lead to different results. The only exception is the equa-
tion for the distribution function of action variables
for weakly coupled systems which is valid whatever
the N dependence of the Fourier coefficients. In the
following we shall be interested in obtaining the evolu-
tion equations valid to a given finite order in A. Due
to its V dependence, it has no sense to cut a series like
(5.1) at a given power in A. However, this procedure
is perfectly legitimate as soon as reduced distribution
functions of a finite number of degrees of freedom are
considered. We have given a few examples for the
equilibrium functions, but this can be verified at any
time with the choice (5.2). Therefore, we shall no longer
write the N dependence of our equations. Moreover,
we shall write our equations for the complete distribu-
tion function, but it must be kept in mind that those
equations are valid only to derive the corresponding
equations for the reduced distribution function for a
finite number of degrees of freedom.’

6. DIAGRAMS
The set of equations (4.3) can be formally solved by
an iteration procedure

ptnet (D =pine) ()X 2

{np"}

X{{m} |8L| {mi'})p 1ni) (0)

¢ 4
Ny T dty f dis
1vYe i

{ng'} {ng"

i
f dty exp[i > (m—m Yot ]
8 k

Xexp[i 3 (me—ne )ty
k

Xexp[i X (m' — 't ]
k

X {{m} [SL| {m}){mi} 8L {one"})
Xt (0)+---. (6.1)

9 The situation is the same as in the case of gases. In the
equation for reduced distribution functions corresponding to a
finite number of particles, the N factors disappear, while they
persist if one consider equations for the whole set of variables.
This comes from the simple fact that #/N will be the order of
magnitude of the time between two collisions in the master
equation if r is the time between two collisions of a given molecule.
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Each term of this equation involves a product of #
matrix elements of 8L. They can all be represented
graphically by a combination of » of the basic matrix
elements given in Fig. 1. The # vertices will always be
ordered in the chronological order, time running from
right to left.

Some interesting combinations of the basic diagrams
of Fig. 1 might appear. The simplest case corresponds
to two successive inverse transitions and is represented
by a cycle (Fig. 4).1 The other basic combinations of
the elementary diagrams of Fig. 1 are:

F16. 4. Cycle:
IEI AP~ =D PINTE S PR P= s PR T T AT )X

(a) diagonal fragment: Any diagram or part of a
diagram such that the initial state is identical with the
final state but is different from any of the intermediate
states. The cycle is the simplest diagonal fragment.
Other examples are given in Fig. 5.

(b) (nondiagonal) destruction fragment: Any diagram
or part of a diagram made of nondiagonal destruction
(Fig. 1, abcd) transitions (at least one) and possibly
diagonal fragments such that no intermediate state is
identical with the final state, the latter containing no
other lines than the lines which are propagated freely
from one end of the diagram to the other. The simplest
examples are the diagrams abcd, Fig. 1. Other examples
are given in Fig. 6.

(c) (nondiagonal) creation fragment: This is defined in
the same way as the destruction fragment, replacing
destruction transitions by creation transitions (Fig. {1,
a'b'cd’) and final state by initial state. Examples are
given in Fig. 7.

(d) nondiagonal irreducible destruction-creation frag-
ment: Any diagram made of destruction and creation
transitions (at least one of each) and possibly diagonal
fragments which cannot be decomposed into a destruc-
tion fragment followed by a creation one; in other

TN ;
A / ;
@ [
oot =
N o
oo ®)
(@) diagram composed of 2 diagonal

fragments

F16. 5. Examples of diagonal diagrams. [The two lower cycles
of diagram (a) must also have a central line.]

diogonal fragment

1o We shall often drop the arrows and wave vectors of the dia-
grams; in that case a. single diagram will represent a summation
over all the diagrams which differ by the wave vectors only; the
only exception will be for the lines which remain at the left of
the diagram. The wave vectors of those lines are those described
by the set {n;} of the Fourier component.
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-
—

F1G. 6. Examples of nondiagonal
destruction fragments.

—
D
N
S S E—
S
® ©

words, in each of the states, there are at least three lines
which come or go to a vertex. Examples are given in
Fig. 8.

The most general diagrams are either diagonal or
nondiagonal. Diagonal diagrams are made from a suc-
cession of diagonal fragments. Nondiagonal diagrams
contain at least a destruction or a creation fragment
or both. Taking into account the fact that a diagonal
fragment added to the right (left) or a destruction
(creation) fragment gives rise to a destruction (crea-
tion) fragment and that a creation fragment followed
by a destruction one gives rise to an irreducible destruc-
tion-creation fragment, we are left with four types of
nondiagonal diagrams:

(a) nondiagonal destruction diagram: destruction

fragment possibly followed by a succession of diagonal
fragments;

(b) nondiagonal creation diagram: a creation frag-
ment possibly preceded by a succession of diagonal
fragments;

(¢) nondiagonal reducible creation and destruction
diagram: destruction fragment followed by a creation
fragment with or without a succession of diagonal
fragments between the the two nondiagonal ones;

(d) nondiagonal irreducible creation-destruction dia-
gram: described in the foregoing.

We obtain in this way a very simple topological classi-
fication of the géneral diagrams. Examples are given in
; cle of diagram (b) must also have
a central line.]
(al

7

F1G. 7. Examples of nondiagonal
creation fragments. [ The lower cy-

=

o

(b)

PRIGOGINE AND F. HENIN

Fig. 9. As we shall see later, the asymptotic contribution
of a given diagram is closely related to its topological
structure.

7. TIME DEPENDENCE OF DIAGRAMS

To each product of » matrix elements [see (6.1)] is
associated an integral of the form

t ¢ tn~1
f dtye - f dty exp(—iach)
0 1}

x{ ff explic;(t;—tis1) ]} expliants). (7.1)

1=l

From (6.1) we see that
(1.2)

ai=2_x M Do,
where |{n:(}) represents the state during the time
interval (fi—fi1). The / for the i means that the
frequencies corresponding to “free” lines, ie., to lines
which are propagated freely from the initial time to the
final time, are not taken into account. Indeed, those
lines play no role in the integral; if we consider the
integral as written in (6.1), we see that for free lines
the difference (n—#’) vanishes at any time #;. In other
words, ao(an) is the sum of the frequencies of the lines
which have been created (destroyed) somewhere in the
diagram, whereas each of the a;(1<{n—1) is the sum
of the frequencies of all the lines except the freely
propagated ones which are present during the time
interval {;— ;1. Examples are given in Fig. 10. For all
diagrams, except the drreducible destruction-creation
diagrams, at least one of the o’s is equal to zero; (m+-1)
of the o’s are equal to zero if m is the number of diagonal
fragments which can be isolated in the diagram. The
expression (7.1) is the time integral which appears in
(6.1), and therefore determines the evolution of pins) (£).
However, we are interested in the distribution function
rather than in the Fourier components. From (4.1), we
thus see that (7.1) has then to be multiplied by a time-
dependent function exp[ —i X_ muwif] where |{m:}) is
the final state. Therefore, rather than (7.1) we have to

9 F1c. 8. Examples of nondiagonal irre-
6 ducible destruction-creation fragments.
(a)

\
M

M

(b) (©
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F16. 9. Examples of general reducible diagrams: (a) diagonal
diagram with 8 diagonal fragments; (b) destruction diagram:
4 diagonal fragments preceded by a destruction fragment ; (c) crea-
tion diagram: 3 diagonal fragments followed by a creation
fragment; (d) destruction-creation diagram: destruction fragment

followed by three diagonal fragments followed by a creation

fragment.

(@
consider

I(H)= exp('i'yt)f dly- - f - dt, exp[iao(t—11)]
0

0

n—1

anexp[’iai(ti_ti+1)] exp(iantn)’ (7°3)
where v is the sum of the frequencies of the lines which
are propagated freely through the entire diagram. We
shall assume that ¢ is sufficiently large to enable us to
make an asymptotic evaluation of (7.3). In order to see
what this means, let us consider a simple example: the
asymptotic contribution of the cycle. We have’

0 9

a3 JuJ T wre
23 | Vi 2[ + ] ( )
prem Jr 8  OJpd \wpwprops
i) i)
x[—+ ] f dt f dts
. OJw 6] 5

Xexp[i(wetwp—wp)(h—1) ] (7.4)
If we perform the time integrations using as variables

, r=r—71s and T=(r1+72)/2,
we obtain

f daf(a) f dreiar f

t—r/2

where a=w;+wp—wi+, and where we have taken into
account the fact that for ¥ — o, the frequency spec-
trum becomes continuous and the >, can be trans-
formed into an integral. It is well known that for long
times, i.e., for times

£>(3a), (7.6)

where (da) is the interval of a over which the function
f(e) can be considered as slowly varying, the first term
in the rhs of (7.5b) takes the asymptotic form

it f daf(a)(@)=it f daf(a)l (i)p-—vri&(a)]. (7.7)

The times r in (7.5a) which give this contribution are of
the order of (5e)~. If we take this into account as well
as (7.6), we may neglect 7 in the expression ({~r7) in
the rhs of (7.5a), i.e., we may neglect the second term
in the rhs of (7.5b) and the asymptotic value of the inte-

&
(a)

— -@E
BB BB

(b)

= iar(f— 7.5a Fic. 10. Examples illustrating (7.1). The 8’s denote the sum of
fdaf (a)j; dre=r(i—r) ( ) the frequencies of the corresponding three lines. The ai’s in (7. (1))
are given by (a) ao=0 a1=p1 =0 ;=8 ar=0
eixt—1 d ei*~1 (b) cr=p+B: =P cr=PF+B:; w=f w=0 as=p
=fdaf(a)‘t +1 . ’ (7.5b) as=84+B: 1= as=PB¢+Bs w=Pfi aw=0 an=8;
10 do o =0 ap=8s au=Bs+B ar=Fs.
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Fie. 11. Example
of free propagation
diagram.

S ——
K ——————
K

gral is given by (7.7). As 7 is the time interval during
which the scattering process occurs, we see that scatter-
ing processes which contribute asymptotically are in-
stantaneous events on a macroscopic scale. The condi-
tion (7.6) has a simple physical meaning. Indeed, the
function f(a) is essentially of the form

1
Z l kalkn l L
2240 WKL

transformed into an integral. It can be shown (see for
instance Peierls) that the coefficient

l ka'k” ’ 2/wk2wk’2wk"2

is nearly constant. Therefore, the variation of the
function f(a) will be mainly determined by the disper-
sion law which must be used to transform the sum over
kE'E’ into an integral over o. This function will be
slowly varying provided we consider frequency intervals
smaller than the Debye frequency wp. Therefore, we
have

2> (@)~ 1/wp. (7.8)
In other words our asymptotic evaluation will be
correct provided we are interested in times much larger
than characteristic molecular times of the order of
{wp)™. Let us now consider another way to evaluate
(7.4) asymptotically which will be more practicable for
general integrals of the form (7.3). The integral over
time (7.5b) is a regular function of «. If we assume f(x)
to be regular on the real axis, we can consider complex
variables (a+i¢) and write (7.5b) as

e / eilatint_q
lim fdaf(a){— f
= i(atie)  Platie)?

If e£>1, we can drop the oscillating term in (7.9).

If we assume that the first complex pole of the
function f{e) is at a finite distance® from the real axis,
we can choose a finite e (of the order of wp for instance)
and for large 7, the condition e2>1 is then satisfied.
Then (7.9) becomes

1
limfdaf(a){—- : + ,  (7.10)
0 i{atie) {(atie)?

u R, Peierls, Quantum Theory of Solids (Clarendon Press,
Oxford, England, 1955).

12 For gases, this condition can be studied more precisely. Let
us for instance consider a screened Coulomb potential. Then the
Fourier coefficients are Vi=1/(¥*+XK?) and the pole is at 2=4K.
The condition e£>1 can then be interpreted as the fact that the
time ¢ must be sufficiently large to allow the particles to travel a
distance much larger than the range of the forces.
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where the integration has to be done along the real
axis. These two terms correspond to the two con-
tributions in (7.5a) or (7.5b). Here too, the second term
is of the order of the collision time wp™! and may be
neglected with respect to the first one which is of
order ¢. We obtain therefore the following asymptotic

lltn’ aaf(a){ l' (; ‘11)
f 1(“ 1€)

This expression is equivalent to (7.7) (see for instance,
Heitler®). This method of asymptotic evaluation will
always be used in the following. In other words, for each
sum of frequencies which appear at a vertex, ie., to
which corresponds a Fourier coefficient of the potential
Viwir , we shall consider the complex variables (a=i¢),
the sign being such that we can drop asymptotically
the exponentials. Therefore, the only oscillating factor
which we shall keep in (7.3) is the factor ¢*7* which cor-
responds to the oscillations related to free propagation.
For instance, for the diagram of Fig, 11, we have

fdag(a)ei“‘

a=wtwp+wp and  gla)=puiwn-(0).

with
(7.12)

With this method, it is possible to evaluate asymp-
totically the integral (7.3). This will be done in Appendix
I. Let us first consider the reducible diagrams: the most
general diagrams of this class are made of a destruction
fragment, followed by a diagonal region containing m
diagonal fragments, and then by a creation fragment.
Diagonal diagrams, destruction, or creation diagrams
can be considered as particular cases of reducible
diagrams. For such diagrams we have the following
theorem:

Theorem I: Any reducible diagram has an asymptotic
contribution proportional to i, where m is the number
of diagonal fragments in the diagonal region of the
diagram. _

As examples of application of this theorem, let us
consider the diagrams of Fig. 9. For the diagram (a)
m=8; (b) m=4; (c) m=3; (d) m=3.

For the irreducible destruction-creation diagrams we
have theorem IIL

Fi16. 12. Lowest-order contributions to ps,’ () [ )" means a suc-
cession of m cycles .

18W. Heitler, The Quantum Theory of Radiation (Clarendon
Press, Oxford, England, 1954),
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F1c. 13. Contributions to po(¢) obtained from contributions to po® (¢).

Theorem II: Any irreducible destruction-creation
diagram has a vanishing asymptotic contribution.

8. ASYMPTOTIC CONTRIBUTIONS TO THE
FOURIER COMPONENTS

We are now interested in the asymptotic behavior of
the Fourier coefficients for homogeneous systems. More
precisely, if we call ps,.(f) the Fourier coefficient de-
scribing » correlations between three normal modes, we
are interested in the asymptotic behavior of the function

p3n(l) exp(—iwsnt), 8.1)
where w3, is the sum of the frequencies of the 3% normal
modes considered. We want to keep in (8.1) all terms
up to order A2r. We have to take into account both the
asymptotic contributions of the products of matrix
elements and the order of magnitude of the initial
Fourier components. From the theorems of Sec. 7, we
see that the only diagrams which contribute asymp-
totically are the reducible diagrams. We can separate
those diagrams into two groups: (a) diagonal diagrams
and destruction diagrams; (b) creation diagrams and
reducible creation-destruction diagrams. Let us also
split (8.1) into 2 parts:

pan(t) exp(— iwsnt) = psn’ () exp(—iwsal)+pz.”" (1), (8.2)

where ps,’ (f) exp(—iwsnal) contains the asymptotic con-
tributions of all diagrams of group (a) and ps." (1)
those of group (b). As all diagrams of group (a), except
those which are made by a single nondiagonal destruc-
tion fragment, end with a diagonal fragment, ps.’(¢)

might be expected to obey a simple diagonal equation.
On the other hand, all contributions to ps.’’(f) [i.e., of
group (b)] end with a nondiagonal fragment, and we
may certainly not expect a diagonal equation for those
functions.

We may write

pan’ () =N*{p3.' @ () + 723, @ () +

+)\4p3nl(4) (t)+ e +)\2rp3n, @n (t)+ e }7 (8'3)

where the functions ps,” @9 (f) are defined as the asymp-
totic contributions of all diagrams of type @, including
the order of magnitude of the initial Fourier component
in the diagram, whose asymptotic contribution is of the
form A2(A%)™; m >0. (8.3) is not a true expansion in
power series of A. Indeed, the initial Fourier components
may contain higher-order terms with respect to A than
those given explicitly in (5.2), and the product (A\%)
itself is A dependent. The A dependence in (8.3) may be
easily verified. The factor A" in front of the rhs of (8.3)
is caused by the initial conditions. Indeed, the lowest-
order contribution to ps,’(f) is that of the diagram of
Fig. 12. The fact that the expansion contains only even
powers of A can be seen in the following way. If we
consider a diagram contributing to ps,’ @?(f) and want
to obtain the next diagrams, we can either replace a
diagonal fragment by a higher-order one, or add a cycle
in the destruction fragment or finally add a destruction
transition in the fragment, but then the initial Fourier
component has one more correlation. These three pos-
sibilities are illustrated in Fig. 13. Each of them leads
to one more uncompensated A2 factor.
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In the same way, we may write
psa" () =N"{p3" @ ()+N2ps.” ® (1) + - -
N3, A (),
pd”’ (£)=0. (8.4)
The last equation comes from the fact that no diagrams
involving creations contribute to pyo(£).
9. EVOLUTION EQUATIONS FOR g;.'(¢)

We shall now show that the functions ps.’ @7 (¢) obey
the following differential equation:

8p3n' @n) "
= )\2 Z[QSn,Sn]r+1—i pSn’ @9 (t>-

=1

9.1)

The operator in the rhs is the operator corresponding
to all diagonal fragments containing (r<1-1) cycles.
Examples are given in Fig. 14. The important
point in (9.1) is that this equation is diagonal in
the index 3». It is sufficient to establish this equa-
tion for po’®”. Indeed, the diagrams which contrib-
ute to p3. @ differ from those which contribute to
po’ @7 by a set of 3 lines which are freely propagated
through the diagram. As these lines play no role in the
asymptotic evaluation, we can as well add them at the
last step. The diagrams contained in p,/@” are all
diagonal diagrams and all destruction diagrams with
asymptotic contributions of the form A (A\*)". Let us
first consider the case #=0. Then we have only diagonal
diagrams because all destruction diagrams contain at
least one uncompensated A\? factor. We have to keep all
diagonal diagrams whose asymptotic contributions are
of the form (A2%)". As we get a factor ¢ for each diagonal
fragment, we see that the only diagonal fragments we
have to consider must be proportional to A% i.e., must
be cycles (Fig. 15).
This can be written

0o’ @ (£)=2_{n diagonal fragments made by =
n=0

cycles}po(0). (9.2)
The asymptotic contribution of the nth term is of the

2w = Z.c (@)n o

h=o
FrG. 15.
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form (see Appendix I)

=1

t ten—1 n—1
A f ity - f dtn I { X expllias(ti—ti11)]
0 0

X(0[sL?|0)}
()

n!

(S e 0loLt 0"

i £ tn—1
=N"[Qo,0 1" f d f dly- - - f dta, (9.3)
¢ 0 1}

where 8L; means that we consider the cycle corre-
sponding to the normal modes involved in a;, and the
sum over a; means that for each cycle we sum over all
possible 3 normal mode processes. The operator [Qo,0 1
in the rhs is time independent. We may thus write

t o
0’ @ (£) = po(0) + A Qo0 s f dti{ 3~ n diagonal
0 =0

fragments made by # cycles}po(0), (9.4)

where in the rhs the contributions in { } are of the
same form as in (9.3), but are taken up to time #
instead of £ If we take into account (9.2), we obtain an
integral equation for po'® (¥);

¢
po’ @ ()= po(0) +>\2f dty[ Q0,0 100’ @ (t1),  (9.5)
0

which leads to the differential equation
dpg’ ©

ot

=X Q0,01100’ @ (?). (9.6)

We shall now follow exactly the same procedure to
obtain (9.1) for r>0. In this case, we have (see for
instance Fig. 13 for r=1 and r=2)

po’ @ ()= 3 A{m diagonal fragments formed

m=1

by (m—+r7) cycles}p(0)

+>_ A*{destruction fragment formed
I=1

by I destruction transitions and (r—/)

cycles}psi(0)

© r+k—1 r—n4k

+2 X X N* Y diagonal frag-
k=1 n=k I=l

ments formed by # cycles}

X {destruction fragment formed by !

destruction transitions and (r—n—I-+k)

cycles}psi(0).  (9.7)
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The asymptotic contribution of all those terms is
immediately seen to be proportional to some power of
A% if one takes into account theorem I.

To establish an equation for po’@”(¢), let us first
notice that for times for which the asymptotic time
integration holds, the second sum in (9.7) gives simply
a constant, independent of time. Therefore it will
cancel on being differentiated with respect to time. Let
us consider the first term. Let us denote by [20,0]« the
contribution of a diagonal fragment formed by « cycles:
We may transform this term in the same way as we
transformed the rhs of (9.2):

2 Am{m diagonal fragments made of (r+m)

m=]

cycles}po(0)
t o
=)\2[Qo,o]r+1f dtl{p0(0)+ Z [(m— 1) diagonal
) m=2
fragments made of (m—1) cycles]po(0)}

+N i [Qo,o]af diy i {(m—1) diagonal
Q

a=1 m=2

fragments made of (r+m—a) cycles}po(0),  (9.8)
where all contributions at the right of the operator
[Q0,0]« have to been taken up to time #. Taking into
account (9.2), (9.8) can be written as

¢ - t
NluJo [ daps®() 43 2 [0 [
0 0

a=1

X 3" {m diagonal fragments made of (r+m—a—1)

m=1

cycles}po(0). (9.9)

We proceed in the same way with the third contribution
to (9.7). We again write explicitly the last diagonal
fragment

w0 r+k—1 r—ntk

Y 3 ¥ AUk diagonal fragments made

k=1 n=k D=l
of n cycles} X {destruction fragment made of /
destruction transitions and (r—n—I+4k)

cycles}ps:(0)

a=1

r ¢ r—a+l
=N3 [Qo,0la f dt; Y. A\ Ydestruction fragment
0 l==1

359
made of ! destruction transitions and

(r—a—141) cycles}ps:(0)

© r4+k—1 r—ntk n—k+1

VT T X X [RolA

k=2 n=k =l a=1

t
X f dt,{(k—1) diagonal fragments made
0

of (n—a) cycles} X {destruction fragment
made of / destruction transitions, and

(r—n—I+k) cycles}ps:(0), (9.10)

where we have considered separately the term k=1.
If we replace % by 2+1 in the second term of (9.10)
and change the order of the summations, we obtain

r ¢ r—a+1
A3 [Qola | da{ 2 A '[destruction fragment
a=1 0 1=1

made of ! destruction transitions and

(r—a—1+1) cycles]ps:(0)
o r+k  r—ntk+l

+> > 3. N W2 [k diagonal fragments

b=l n=kta 1=l
made of (n—a) cycles X [destruction fragment
made of / destruction transitions and

(r—n—1+k+1) cycleslpx(0)}. (9.11)

If we replace in (9.7) the 1st and 3rd terms by (9.9)
and (9.11) and take into account (9.7) for r replaced
by r—a+1, we obtain

r
po’ @0 (1)=3" N destruction fragment made of
=1

I destruction transitions and (r—1)

cycles}ps:(0)

t

+1
FN 3 [Qo0la | Glipd? o (ty).

a==1 0

(9.12)

The asymptotic contribution of the 1st term in the rhs
being a constant with respect to ¢ (see theorem I), we
obtain indeed (9.1) by differentiation with respect to ¢
of (9.12). If we take into account (8.3) we may trans-
form (9.1) into a differential equation for ps,’(¢) valid
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to order A\"t2s, We have

apsn'(t) s apan'<2')
=>\n Z )\21'
ot =0 at

=\nt2 Z Z A27‘[9371'31z:|9'+1~z' p3n’ @9 (t)

r=0 1=0
=M 3 A2 Qa3 a1 X 2 {N2 003, 29 (1) ).
a=0 =0

(9.13)

The summation over 4 can be extended up to i=s;
this only adds terms of higher order than A"*2* and the
equation is still correct at that order. We then obtain
for ps./(f) the very simple “diagonal” differential
equation for the time rate of change of p3, ()

1 apan'

A o

= { 8Z=0>‘2ml:93n,.'in:lor{—l}P3n’(t). (9.14)

The properties of these equations will be studied in a
subsequent paragraph.

Foes = () o
= (&) g

@"(w =
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10. EVOLUTION OF THE FUNCTIONS g.."”(f)

We have seen that for ps.’(¢), the last fragment at
the left plays an essential role in determining the
evolution equation. This will again be true for the
functions p3,’”’(£). As this last fragment is always a
creation fragment, we may no longer expect a diagonal
equation. Indeed, we shall show that ps,.”’ @7 () obeys
the following equation:

n

pan ()= exp[—wwsn—myt]

m=1

XZ[Q3n,3(n—m)]imp3(n—m),2(r—i) (i)- (10'1)
i=0

This equation relates p3,/’ @ (¢} to all the functions
P3(n—m) 2~ (¢). There is a basic difference in the be-
havior of ps.’ and of ps,’’. While the functions ps."
satisfy a separate set of equations independent of the
ps’’, the functions ps.”’ are completely determined by
the values of the ps.”’s. Moreover, only the functions
psi’ with £<#n and corresponding therefore to a smaller
number of correlations enter into the equation for ps,’’.
The operator [ Qss,3(n—m) ]i™ corresponds to all the non-
diagonal creation fragments made of ¢ cycles and the
m nondiagonal creation transitions which are necessary
to go from the state 3(n—m) to the state 3n. Examples
are given in Fig. 16. The operator  is again time
independent. The oscillating factor in front corresponds
to the free propagation of the (#—m) correlations which
were already present initially. It corresponds to the
oscillating factor e?r* of (7.3) which is not used in the
asymptotic integrations. As in Sec. 9, we again consider
first the case r=0. We then have only creation diagrams
because destructions always introduce at least one
uncompensated A? factor. We have

I
p @ ()=N"" 3 3 Amt*{creation fragment
m=1 k=0
made of m creation transitions}
X {k cycles}ps—m (0)

Xexp[—iwg(l_m)t]. (102)

Examples are given in Fig. 17.
Using the notations explained in connection with

Fie6. 17.

— )
/"'\) f ©

— &
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(10.1), we can rewrite (10.2) as to time ¢ (see Appendix I). If we use (9.2), we obtain
12
N 1
pal”’ @ ()=~ 217\"‘ exp[ —wsa—mt J[Qa1,30-m) Jo™ 03 O ()= 3 exp[ —iwsq—my! J[QLat,30-m Jo™
m= m=1

3 'O, (10.4
X{kz Nk cyclesJpsa_my(0)}.  (10.3) Xpaa-m'@(6).  (10.4)
=0

Let us now consider the case >0 and again follow the
The contributions inside { } have now to be taken up same procedure. We have

i
ps/ @ (1) = 37 X7 exp[ —iws—mt]{creation fragment with m creation transitions and # cycles}ps—m (0)

m=1
i T w
+ 2 2 X A M2 exp[ —iwsq_mi]X {creation fragment with 7 creation transitions and #
m=1 n=( s=1

cycles} X {s diagonal fragments made of (r+s—u) cycles}ps—_m(0)
! r—1 r—n
+2 X X NHm# exp[ —iwsa—mi ] X {creation fragment with m creation transitions and »
m=l n= p=l
cycles} X {destruction fragment with u destruction transitions and (r—n—u) cycles}psg—m+w (0)
I r—1r—n o0 r4+s—n—p
+2 23> X X tmwt?s exp[—iwsa_mi X {creation fragment with m creation
m=l n=) y=1 8=} k=s

trangitions and # cycles} X {s diagonal fragments made of % cycles} X {destruction fragment

made of u destruction transitions and (r—n—u—*k+s) cycles} Xpsa—mw(0). (10.5)

Examples are given in Fig. 18. Let us again write explicitly in (10.5) the operator corresponding to the creation
fragment at the left. If we change the order of the summations over u and % in the last term, we obtain

! or—1 «©
ps @0 ()= 2 X N expl —iwsamt JLDs1,30-m Ja™ X [22 N2
m=1 n=0 =]

X {s diagonal fragments made of (r+s—mn) cycles}psi—m(0)

r—n
+3 A #{destruction fragment with u destruction transitions and (r—n—p) cycles}psi—miu (0)
u=1

o r—nts—1 r4+s—n—k
+> X 3> A5 diagonal fragments made of & cycles}X {destruction fragment

s+1 =3 p=1

made of p destruction transitions and (r—#n—u—k+s) cycles}psg—miw (0)]

t ©
+ 3 [Q1.30-m 1™ €xp[ — iws—m?! J{p3c—m (0)+2_ N**[s diagonal fragments made of s cycles Joa(i—m (0),
m=1 8=1 .
(10.6)

where again all the contributions at the right of the operators £ have to be taken up to time ¢. If we take into
account (9.7) for 7 replaced by (r—#) and (9.2), we obtain

i r
p3’ 0 ()= T T exp[ — iws(i—m L Da1,30-m Jn™p201—m 2" (8) (10.7)

m=1 n=0
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in agreement with (10.1). As for p;/'(f) we can write an equation for ps;”’(f) correct up to order A#2:

3

pst’’ () =N T2 N¥7pga”" @7 (1)

r=={)

8—i

1 s '
=\ 3 exp[—dwsmt] 2 M Qars0-m X N%psa—m2*(0). (10.8)
m=1 Fesad) a=0

Once more the equation remains correct at order A*? if we extend the summation over « up to a=s. Then

1 ']
3 ()= 2 A" expl—iwsemi J{ 2 N[ Qa1 300-my L™} P300—my’ (1) (10.9)
=0

m=1

This equation relates ps,”’ (f) to the functions ps—m)’(£). Whereas Eq. (9.14) describes the evolution of the function
p3n(t) exp[ —iwsnf] due to interactions among normal modes not involving the 37 normal modes described by that
function, the function ps.”’(f) contains the part of the evolution due to mechanical interactions between those
3n normal modes. As can be seen from (10.9), those interactions must occur at the end of the process in order

to contribute asymptotically.

11. EXAMPLES OF APPLICATION—EQUATIONS
UP TO ORDER ¥*

The result of the two preceding sections can be
summarized in the following way. The evolution of the
system at a given finite order \* is given by

P3n(£) exp(‘_'iﬁ’Bnt)aPSn’(i) exp('—innz)"f"PSn”(t),

n<s (11.1)
o3’ (t)  (s=a)2
Py ={ X N[ Qs 301}z’ (1), (11.2)
a=0
P3n//(l) = Z A" exp[—'in(nmm)tJ
m=1
(s=mj2
X{ 20 N{Qas0-m Ji"}psa-m’ (1), (11.3)
4=
po (£)=0. (11.3")

It is important to remember that those equations are
valid oniy for times such that asymptotic integration
is permitted, i.e., much larger than characteristic
molecular times (see Sec. 7)

Dwp™= Tol.

(11.4)

Moreover, by using an expansion in terms of (A%)™\%,
we introduced a further condition for the validity of
these equations. Indeed, these will be valid for times ¢
such that the product N% is finite for A small; more
precisely, we consider times ¢ of the order of the re-
laxation time 71, which is assumed to be of the form

i
Fer~v—{ 1N+ - ] (11.5)
P

The condition (11.4) of validity of the asymptotic
integrations is independent of A. It is only the fact we
use an expansion in terms of (\*#)™\* which introduces,

by combination of (11.4) and (11.5), the condition
wp DN/ (1=« ). (11.6)

The fact that the Eqs. (11.2) and (11.3) are valid to
order A? also means that all terms of the form A+ (\2t)",
m2 1 which may arise in their solutions are meaningless.
In other words (11.2) and (11.3) are simply a compact
way of writing the sets of Eqs. (9.1) and (10.1).

As an illustration, let us write more explicitly the
equations of evolution up to order N2 At order N9, i.e.,
for weakly coupled system, we have the simple equation

(1/X%)(8po/ 81)=[Qo,0]1 po(®), (1.7

where the operator [ (2,01 corresponds to the cycle and
is given in’ [Eq. (2.13)]. This equation is nothing else
than the usual master equation for weakly coupled
systems. At order A, we have to add the equations

(1/N2) (9ps'/01)=[Qa,3]1 04’ (£), (11.8)
ps" =[s,0Jo"0d’ (8), (11.9)

where [$23,3 1 corresponds to the ¢ycle to which three
freely propagated lines are added, i.e.,

EQlklk' 1ere g1y’ Us”jl

= Z {if(wrf'wr—f‘wln)(lklkrlk“15Ll lklk'lkwlzl;rhr'>

21830
X (Ll Lo Ll oty |81 ] el L)
+-similar terms with (1;,1,~1.),
(1;—1p—1p), and (—1;—1p—1p)} - (11.10)
and [0 Jo! corresponds to the first diagram of Fig. 16

[Raee 11,0 Jot =8 (oo o)
X {1l |8L10).  (11.11)

Finally, at order A\? the equation for py itself is modified
(1/W)(8pe/3t) =[ Q0,0 ]1 po+N[Qo,0)2 po.  (11.12)
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The operator [Q,0]; is given in Fig. 14 and is studied
in Appendix II. At order A% the functions ps’ and p;"’
are still given by (11.8) and (11.9). However, we still
have to add the following equations in order to
have the complete description of the evolution of the
system to order A\%:

(1/X%) (8ps’/ 3t) =[2s,6 11 pé’ (1), (11.13)
s (8)=[Qs,5]o'0s' () +[ Q6,5 Jo'ps' (1)
+[Qs,0]i%00’ (¢) if 6=3+3", (11.14)

where the operator in (11.13) corresponds to a cycle
plus six freely propagated lines and the operators in
(11.14) are shown in Fig. 16.

12, APPROACH TO EQUILIBRIUM

Let us first consider the behavior of the functions
p3a’ (£). The lowest-order contribution for each of these
functions is given by (9.1) for =0

3psn’ D ()]0t = Q31,301 p3n’ O (£).

The operators [Qs,,3n 1 have quite remarkable proper-
ties which have been studied previously in a paper by
one of us (I.P.) and J. Philippot? (where these operators
are denoted by Oys,;). For instance, [Qo0]: is a self-
adjoint operator with negative eigenvalues

(12.1)

[Qo,o:lllpm= —HRmPm Mm> 0, (122)

if @m is an eigenfunction of [9o,0]1. To the eigenvalue
#0=0 correspond the eigenfunctions

eo=f(Ho).

Now the operators [2.,3. 1 may be written in the
following way :

[Q3n,3njl= [90,0]1‘_M3n2+'iF3m

where M3, and Fs, are not operators but functions of
the action variables. The real part of these operators is
also a self-adjoint operator with negative eigenvalues

{[9Q0,0]1— M3.2} o BV = — W, W (12.5)

but this time, the only way to obtain u.,®"=0 is to
take @o®=0. Therefore, for large times, one obtains
as a consequence of (12.1)

ply @t — =) — f(Hy),

pun' @ (= ©) = 0.

(12.3)

(12.4)

(12.6)
(12.7)

If we use thesé results, we can study Egs. (9.1) in the
next order. For large times, we can write

(1/X5) (8po' @/ 88) = [Q0,0]1 po’ P +[Qo,0]2f (Ho), (12.8)
whereas for ps,(£), we obtain
(1/}\2)[3;03“,(2) (t)/at:’= [Q3n.3n:|1 Pxn’(z) (t). (12.9)

If we use again the properties of the operator in the
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rhs of (12.9), we obtain

p3n’ @ (t—> ) — 0,

(12.10)
It is easily seen that if we go on with this procedure,
we shall obtain

pan’ (t— ©)—0 (12.11)

whatever the order in A (this order being always finite
in order that our equations be valid). Taking into
account the physical meaning of ps.’(f), we see that
for large times the contribution of the scattering of cor-
relations not involved in {3»} vanishes.

The behavior of the function py'(¢) for large ¢ is
somewhat more involved. One can establish the fol-

lowing property (Appendix II):

[Q0,0]2f (Ho) = — [Q0,0]1{ (oo’ @ Joa*l4-arbitrary

function of Ho}. (12.12)

If we use this result, the properties of [Qo,0]: and the
normalization condition, we can show that Eq. (12.8)
leads for large times to the correct equilibrium value
of po®. We have not yet been able to give a proof of
the approach to equilibrium at an arbitrary order in A.
The difficulty lies in the mathematical complexity of
the operators involved. Therefore, a generalization of
(12.12) is not easy. However, for interacting particles,
the proof exists and will be published in a subsequent
paper. Let us now consider the behavior of the functions
p3n” (£). For large times, we can use (12.10) in (10.1)

pan’ @ (t— )= 3 [Qsn.0]i"(0) 2D (t—> ). (12.13)
=0

The lowest-order contribution to pz.”/(f— ) can be
shown to be the correct equilibrium expression. This
can be easily verified for =1, introducing (12.6) in
(11.11)

p3” @O =\[Q;.0]o' f(Ho)
=i (wrtwptwr ) (1e1e 1, | 8L 0) f(Ho)
=NV (JuJ o Tior [ wnoncon ) H(8 f/ 0Ho).

This is generalized for any # in the Appendix II. We
have not been able to generalize those results for >0,
the difficulty being again the mathematical complexity
of the operators involved.

(12.14)

13. DISCUSSION—MECHANISM OF
IRREVERSIBILITY

An essential feature of the theory, which has already
been stressed in the study of gases? is the fact that
the evolution equations at any order \’,  finite, can
be obtained from a reduced closed set of equations rather
than from the infinite set of Liouville equations (4.3).
Indeed, it can be easily verified for instance that the
evolution equations at order A% \,and A2 could have been
obtained as the asymptotic solution of the following
sets of equations (see Fig. 19). One sees immediately
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that these reduced closed sets of equations are obtained
by neglecting in (4.3) all terms involving correlations
between more than 3,6, or 9 normal modes, respectively.
In the same way, at order A7, the reduced set of equa-

tions will contain (r+42) equations never involving
diagrams with more than 3(r+1) lines. The existence
of this reduced closed set of equations implies a well-
defined mechanism for irreversibility. In the initial
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Liouville equation (4.3), every Fourier component
influences the evolution of any other Fourier com-
ponent. The situation is now completely different.
Only a finite number of Fourier components describing
correlations between a finite number of normal modes
influence each other. These Fourier components still
influence the higher correlations, but they are no longer
influenced by them. In other words, the reversible
behavior is characterized by the fact that the infor-
mation flows in both directions: from ps, to psm (2 <m)
and vice versa, while in the presence of irreversible
processes this is no longer true. This can be represented
graphically as follows:

Reversible behavior: pyc=ps=ps=ps—pira=—"- - -

Irreversible behavior:

order A% poy=ps— pg—> pg—> - *
order \:  po=p3=ps—> ps—> ***
order A2:  po=ps=ps—=ps— - - -

It is interesting to consider the existence of such closed
sets of equations as a kind of contraction or shortening
in the description of the state of the system which
occurs after times long in respect to the duration of an
interaction. The existence of such kind of contraction
was postulated by Bogolioubov,* and discussed among
others by Kac and Uhlenbeck.!®

It is obvious that the closed set of equations is only
meaningful for times such that the asymptotic time
integration is permitted and that means precisely times
long in respect to the duration of an interaction.

The interesting feature is now that for times of the
order of the relaxation times a further contraction
occurs. This can easily be seen in terms of our decom-
position of p3, into ps,’ and p3,”". The operators involved
in the evolution equation for p3,’ are diagonal fragments
which may be considered as describing collisions or
scatlering processes between normal modes. On the other
hand, the equations for ps;.’’ contain the direct inter-
actions between the different normal modes necessary
to build up the correlations involved in the set {3n}.

Now we have seen that the ps,’’s go to zero in times
of the order of the relaxation time. With the disap-
pearance of ps,/, the system forgets the initial corre-
lations. At the same time new correlations ps,.” are
built out of po. Moreover, po satisfies a separate diagonal
equation given by (9.14) for n=0.

Therefore, at this stage a new and more dominant
role is played by po. The correlations become functionals
of po. This is again in agreement with the mechanism
postulated by Bogolioubov.*4

In the case studied here this further reduction
expresses simply the approach to equilibrium. Indeed

4 N. N. Bogolioubov, J. Phys. U.S.S.R. 10, 265 (1946).

18 M. Kac, Probability and Related Topics in Physical Sciences
(Interscience Publishers, Inc., New York, 1959), p. 132; Appendix
I by G. E. Uhlenbeck.
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let us write the equilibrium distribution in the form

pequil(jl. <o apee )
FHAY)

f f (dJda)™ f(Hy+AV)

a NV N
- a4 | @dFd)¥
{1+>\V6Ho+ 2 9H¢? 2f f( )
2f(H,
X[Vzii(___)]_'_)\s. .. lf(Ho) (13.1)
dH

with the normalization condition

f---f(d])”f(Ho)=l.

Clearly, all ps.cvil, which are the Fourier coefficients of
p*il by (13.1) may be expressed in terms of operations
performed on f(Ho), that is, as functionals of f(Ho).

However, this further contraction of the description
is by no means trivial in hydrodynamical problems
where one may expect that in the same way the corre-
lations will become functionals of the single particle
distribution functions depending on the local state of
the system.

This problem will be studied in detail in a subsequent
paper.

Also a detailed application of this method to the
calculation of thermal conductivity of strongly anhar-
monic solids will be published separately by one of us
(F.H.) and L. Blum.

(13.2)
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APPENDIX I. TIME INTEGRALS

Let us evaluate integral (7.3) for various situations.
As the factor e™* plays no role, we shall drop it. Thus
we have

()= f ‘e f " it explias(i—t)]

Xﬁlexp[ia,’:(t"_ ti—H)] €Xp (iantn) . (Al)

As we have said in Sec. 7, asymptotically this integral
is equal to the sum of all nonoscillating terms where the
variables @; in the denominators are replaced by
complex variables a;+-7¢, and the limit e— 0 is taken
after integration over o’s. Our problem, in order to
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establish theorems I and I1 is then to find the nonoscil-
lating contributions to (A.1) and their order of mag-
nitude with respect to ¢. The easiest way to perform an
integral like (A.1) is to introduce new variables corre-
sponding to the time intervals (f;—?;11). Let us first
consider the case where ay=0, i.e., the case of diagonal
diagrams or destruction diagrams. Then we choose our
new variables in the following way:

ti—tia=7i 1<i<n—1
In="Tn. (A.Z)
The domain of integration is defined by the conditions
0 tnStpmr - - S hiltis- - - <<t (A.3)
Equivalent conditions are
720, 1<i<n
i—> 120, (A4)

The easiest way to take account of these conditions is
to take the integral over each 7; from 0 to « and
multiply the integrand by the Heaviside function
n(t—3; 7;) defined by

nx)=1 x>0

=0 =x<0. (A.5)

If we use the representation of the Heaviside function

Hoo—ie  pizx

n(x)=2mri dz—, (A.6)

-—00— g€ 2

we obtain for (A.1) in the case ap=0

+00— 1 eizt n 00
It)=2mi f dz=—XII dr;
—00—ie 4 =1

Xexp[ila;—2)7:]. (A7)

We can easily perform the integrations over the 7’s

00— e eizt n
1()=2ni f de— 11 - (A.8)
o ie 2z =14(z—a;)

Now if the diagonal region of the diagram contains m

diagonal fragments, m of the o; are equal to zero and

(A.8) becomes s
I(t)=(—2)™(2mi) dz

—00— i€

eizt

(A.9)

1 (g —
2 afﬂoz(z a;)

To perform the integral over z, we close the contour
by a semicircle at infinity in the upper half-plane and
use residue calculus. Then we obtain

(~i)"‘[ o

azm

eizt

(A.10)

m‘a;néo 1/(2—(1{) e=0
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However, only the first contribution, i.e., the contri-
bution proportional to " is relevant. Indeed, all the
other contributions are at least of order /¢, where 7
is the characteristic molecular time introduced in
(11.4), with respect to the first term. The neglect of all
oscillating terms corresponds to neglecting terms of
that order (see the discussion for the cycle in Sec. 7).
We have thus to neglect also constant terms of this
order. In other words, the asymptotic contribution of
(A.7) will be of the form

tm
I(t)=—’II - } , (A.11)
m!l al i(a;—3)) .0
ai #0

which establishes theorem I.

We may also notice that in this asymptotic evalu-
ation each of the m diagonal fragments as well as the
destruction fragment is an instantaneous event on a
macroscopic scale, If the last diagonal fragment at the
left contains (2s) transitions, the a/s for 1<4< 25— 1 are
different from zero, whereas a2,=0; (A.11) may then be
written

()= {: . a)LOf dtl Yty

tm~1 1
X f dtm} IT - }
0 a;‘;o t(z—as) ) amo

1>2s

8—1 1 t
= I > ] f di1 X {asymptotic
=1 ’i(Z-*a,-) 2=0 Y0

contribution of the remaining part of the

diagram taken up to time #;}. (A.12)

This result has been used in (9.8), the factor in front
of the rhs of (A.12) corresponding to the ¢ functions,
etc., which appear in the operator [ Q35,35 s

Let us now consider the case ay#0, a,=0, i.e., the
case of creation diagrams. The natural change of vari-
ables in this case is obviously

t—t= T1
Li~tipi=1i1, 1<i<n—1. (A.13)
The domain of integration is defined by
720, =3 ;7:20. (A.14)

If we introduce again the Heaviside function to take
account of the last condition, we obtain

+o0—te et ny
1()=2ni f do—1I [ dran
~0—1{¢ Z =0 J)

X exp[i(a,-— Z) 7',-4.1:]. (AIS)
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By following the same procedure as before, it is im-
mediately seen that if m is the number of diagonal
fragments preceding the creation fragment, the asymp-
totic contribution of 7(¢) is again proportional to ™.
This contribution is

II

all i(z— ‘}_
ai;i().l(z al) #=0

tm
Im=—{ (A.16)

m!

If the creation fragment at the end of the diagram
contains s transitions (s>1) the a/s for 1<¢<s are
different from zero, whereas a,+1=0; (A.16) may then
be written

I@=ﬁ‘ :

{m 1
I
=t i(z—a;)) .m0 tm! &l i(z—ai)) .m0
ai #0
i>s+1

8 1
=H{ } X {asymptotic contribution
=1l (Z —«a z) z=0

of the remaining part of the diagram

taken up to time ¢}. (A.17)

This result has been used in (10.3), the factor in front
of the rhs of (A.17) corresponding to the { functions,
etc., which appear in the operator [Qss,sm ls. The last
case of reducible diagram we have to consider is the
reducible destruction-creation diagram. In that case ag
and a, are both different from zero, but at least one
of the a’s (1£7<n—1) is equal to zero. In fact (m+1)
of these a/’s are equal to zero if there are m diagonal
fragments in between the creation and the destruction
fragment. Let us take a;=0. Then, we choose the
variables in the following way :

bi— b1 =Tt
1<i€j—1 and 14j<ign.

l—tl= T1,

[ Q0,0 Jo=asymptotic limit Y. Y

kTR L
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Then we have

Foo—ie  pizt j_3 L] .
I(t) ~——21rif dz— I f dr; exp[i(ai—2)7:]
—00- ¢ 2 =0 oy

X ﬁ i d'n exp[i(az—z)n]. (A18)

=414y

As m of the remaining o’s are equal to zero, it is easily
verified that the asymptotic contribution of I(f) is
again proportional to #m, which again is in complete
agreement with theorem I of Sec. 7. It can also be
verified that (A.17) holds for these diagrams also. We
still have to consider the case of the irreducible de-
struction creation diagrams. Then, none of the a’s is
equal to zero. If we use for instance, the 7 variables as
defined by (A.2), we obtain

@

dr

00~ i€

1(t)=2m‘f d

»/ —co— g€ 4

eizt n

giaot H

i=0) &/

X exp[i(a;—ao—2)7:]

+u—ie  pi(ztao)t ,
=2mi f dz II (A.19)

4 =0 i(ai—ao—z

If we take as new variable z'=2+4ao and use residue
calculus we immediately see that no term is nonoscil-
lating. Therefore, the contribution vanishes asympto-
tically as stated in theorem II.

APPENDIX II. PROPERTIES OF SOME OF THE
OPERATORS WHICH APPEAR IN THE
EQUATIONS OF EVOLUTION

The first property we have to establish is relation
(11.13). The operator [o,0]» is given in terms of
diagrams in Fig. 14. Explicitly, we have

i 121
[f dty exp[—i(wk—i—wk’-l-wku)tl]f dts exp[—i(w;+wz'+ww)tg:|
0 0

t2
X<0]5L1 1k1kllkn><1k1k'1ku laLl 1k1k'1k"111111111>[f dia exp['i(w;—i-wy-f—wlu)ta]
0

i3
X(lklkllkul llzllw lﬁL\ 1k1k' 1k”>f (ih, exp['i(wk-i-wkf-l-wkn)h](lklylkn |8L|O>
0

-+similar term obtained by permutation of (kk'%"’) and (U'l'’) }+similar terms considering —1;

If we take into account

instead of 1, etc.]. (B.1)

13 t1 t2 i3 I3
asymptotic limit f dt f di, f dis f dt,e™iatig BlagBlagiata=lim (B.2)
0 0 0 0

t 17 ty t3
asymptotic limit f dh f dts f di3 f dise—tatigBlagiatspifta=im
0 0 0

0

570 [i(atie) Pila+B+ietie)’
t

e , (B3
el [ila+tie) Ji[a+B+ietie i(B+ie') (B:3)
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we have
1 1
[Qo0)ef(Ho)=lm 3 ¥ [ ——(0]6L| 161 e 1rr)
S20wew W Li(wptwe twprtie) i(wrtwp top ot rtoptietie’)
1
X(lklk’lk"laLilklk'lk"llll’ll"){. - (Ll 110130 [8L| 1414 1500)
Hwrtwprtwir+ie)
' 1
X (1L Lyer [8L] 0)F- — (1l L 11 e [BL 141 1 1)
i(witwy+wr+ie)
X(lzlplw|8L]0)}+similar terms]. (B.4)
If we take into account (1.6), we have
. 1 ]ka;Jkn EH af _
lim - : <1k1k‘llc"lal’|0>=Vklc'k"(“—) - (B.3)
0 J{wptwpt+wir+ie) wwwpwrr / 0Ho
and therefore
. 1 1
[Qo,0]ef(Ho)=lm 3~ 3 (O]8L | 15141

So0urk i Vi(wetwr twrtie) (wptwrtwrtwrtortwrtietie’)

JuJwT ke t
x<1k1k’1k"|¢SL| lklk‘lk"llll'll")[(lklkllkullll'lzn|5LI 1k1kr1ku>karku(-———)

W WE!

JJvT e H 6f
+<1k1k'1kulllllllu l5Ll 1111/11~>V”»lu( ) J

——similar terms } . (B.6)
WP dH,

If we use again (1.6) and take into account that we might have k=/, etc.

JeJwJw\ ¥ 8 f(Ho)
LE T 9 P05 B 15 P £ A lklkllkn>( )
WREI )1 aH,
v (jljl'fz")* [5k1+5k' +08er; ‘ 5kz'+5k'1'+5k"z'_LBkz"+5k' e P
=—tVuwr
@ Py 27, I 2]y ' 2Ty
7] d 0 ](]k]kljkn)s af
0J: aJy dJ v I\wwpwrr/ dH,
. JeJ T e T v T\ o
=1sz'z"(———‘—‘——) (witwrtowr) , (B.T)
WRI W 1) IO PO 17 0H?
we obtain .
Q . H )=hm Z Z Vi Vi e /015[4] 1k1k’1k"><1k1k’1k"[5[4l 1k1k11kulzl 1/11H>
[ 0 szf( 0 e—0 ki’ lllln[ « " i(wk+wlcl+wkll+ie)\
JeJwT e T T T\ } *f
X( ) +similar terms]. (B.8)
WEW W W W 6302

If we consider simultaneously the term written explicitly in (B.8) and the corresponding term where (1,1,1;) is
replaced by (—1,—1,—1;), we obtain

Hyim T ¥ ['V Va2 1 [5kz+5k'z+5k"t_L5k1'+5k'z'+5k"z'
Q =|im 1 rger 1y
[Q0,0]2f (Ho) hm 2. 2 ke | Vv i(wk+wkr+wk~+ie)l 7, + 7
Sevtdw i topre | g ST v T\ ST\t &?*f
+ ) ) +similar terms]. (B.9)
Ju wwywyr / Nwiwpwer / 0H?
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On taking into account
[5kt Oxrr Orarr

} Jl'JV'———(]z]l'Jz"), (B.10)
Jo Jv Jpe aJ

(B.9) can be written

Jka.Jku)* ¥fre e @ ]

Q, H= +l+ nVl"OaLll’l"(
[Q0,0]2/(Ho) kz_;,w{g'(wk wir @i ) Vi wr(0| 8L 1x1p 1) 6H02|_3Jk o BJk'

Wil W frr

JJ
X X qu'zvlz( il )+51m11ar terms} (B.11)

ey W Wy
If all terms are written explicitly, we have

. JuJwJe\t 8%f N ) ]
[Qolef(H)=—1 3 lka'—~k"6(wk+wk'_wk")<0laL| lklk"“lk")( ) 8302‘6.7;, f e a]k”}

1218 144 Wk W’

X ¥ Virwr 43| Vi ,nlﬁj( ’]’J'")+c.c.}. (B.12)

1228 14 W Wy

On taking into account the property
ad(e)=0 (B.13)

and (1.6), this can be written
[Q0,0]ef(Ho)=— Z {B(wk-i-wk,-wk/:)(O[BL( Lelir— 1ge )Ll — 140 | 8L | O)+-c.c.}

T vT vy 3
= LV 43 Vi 23( ) [ @
wwpwyr J 0H?
which establishes (11.13).
The last property we have to establish is the generalization of (11.12) for n>1
pan’ @ (t— o) =[Qss,0J0"f(H0)
=[pg,!" © Jeauil (B.15)
If we denote by 34, 35, - -+, 3, the = correlations involved in p;,, we have to show
Jay- -+ Jap\} 07 f(Ho)
[Qs1---30,00" f(Ho)=V3s,- - V3n( ) X (B.16)
W31° * W dH

where the operator in the lhs contains all possible permutations of the # creation transitions and where in the rhs
if 31=1 1 1p, then Vay=Vipr, (Jar/wsr)= (JiJ o J -/ wrwrwrr). We shall establish (B.16) by recurrence. First
of all, let us consider the structure of the terms in the operator in the ths. We have

t tn—1
asymptotic limit f dty- - - f di, exp[ —i(ws1twset - - - Fws,) (F—11)
all possible 0 o

permutations
of {31--:3n}

Xexp[ —i(wsrtwsgt- - - Fwsn-1) (r—22) ]X - - - Xexp[—i(wsrtwapt- -+ Fwsa) (ti—1541) X - -
X exp[ —iws1(fnm1—tn) 131+ - 3a|8L] 31 - - 30 )31+ +301|8L[31+ 30 2)X - - - X(3:]3L | 0)

1 1
=lim 3 — —X; _ — X
“'_’0 p?r%xﬁ:::glxjs z(w31+w32+ s tws,—ter—teg— - - —1,6,,) 1(w31+w32+ v twsp_1—ie€g - _'Len—l)
g,,—v[) (o) 31
1
- - 31+ -3a]8L |31 - +301)X (31« +30-1|8L| 31+ - 345)- - -(3:|8L|0). (B.17)
i(ws1—1e
This can be written as
1
lim z /31' . 31.16[4‘31 . '3j—13j+1' . '37.)[931 ce 0313541 -3,,,0:]0""1, (B_18)

0 j=1 1 (w33 towaet - - —i—wa,.—ze)
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Therefore, if we assume (B.16) to be true for n— 1, for # we have

1

[Q31~ . ~3n,0]0”f(H0)=1im Z <31 . 3,,\6[.!31 . '3j_13j+1' * 3,,)

0 j=1 { (w3 Fwse+ - + - Fwin—1e)

Js1S3e < J3;-3T3541"

(B.19)

X V31V32' .. V3j_1V3,'+1' .. Vs,.(
If we take into account that

(31-+-3,]8L|31- - 321341 - .3n)(

NETERE J3; 1T840 0 j3n) ¥ 6"“‘]’(110)
aHon—l

W31* * W3 W3 1t W3n

] (]31- < J3j a3 T340 -]3,.)‘* { a of ’
=1V3;

0J3; 9H,m 1

W31° * " W3j_1W3jW341" ¢ T W3n

W31W32° * “W3;—1W3j41° *

]3,.)5 6"“]’(1:!0)
aH()ﬂ_l ’

wW3n

]31. .
=1:V3j(

w3y

(B.16) is easily established.

e w3p

on

TN}  97f(H,
3)w3, af( ), (B.20)
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Liouville Equation and the Resolvent Formalism
S. TertLer AND R. F. WaLL1s
U. S. Naval Research Laboratory, Washington, D. C.
(Received May 2, 1960)
With the use of the Prigogine and Balescu representation for the description of relaxation starting from
the Liouville equation, we apply Van Hove’s resolvent formalism to obtain higher-order contributions for
classical weakly coupled homogeneous gases. These results confirm Van Hove’s observation that, for
appropriate representations, persistent (long time) effects are determined by diagonal matrix elements
of operators consisting of products of perturbative operators separated by diagonal operators. The
mechanism of relaxation is also discussed.
INTRODUCTION We define the operators
HE important contributions of Prigogine and
X PN . 0H, 9
co-workers using the Liouville equation as the =iy ———
starting point in the investigation of various physical Pm Om
problems is well exemplified by the work of Prigogine (1.6)
and Balescu! (hereafter referred to as P-B), dealing ML= i\ _‘i_a___‘?z_‘z_
with relaxation in classical gases. In general, they deal =iALm 3Gn OPn  OPm 3m ’
= - - e
with a system of IV particles and volume 87°2 in the so that o
limit .
N — oo 1(0fw/0t) = (L°4NSL)fn. (1.7
Q— (1.1 We follow P-B and Fourier analyze fy. We order

N/Q=8rc=finite constant,

where ¢ is the average concentration or number density.
The Hamiltonian for the system may be written

H=H+V
=2 HANZi<r Viny 1.2)

where H; is dependent on the individual particle
coordinates and momenta. The potential V is here
written as a sum of binary interactions but may more
generally be made up of higher-order interactions.

ofy Zm(iﬁ,i_f’.._"__)fﬁo, | (1.3)

i OPn 0Qm OGm OPm

where fy, the N particle distribution function in phase
space, is normalized to unity:

f (dg)¥([dp)¥fv=1. (1.4)

The unperturbed Hamiltonian Hj is either transformed
to, or originally expressed in, a representation in which
all the canonical coordinates are cyclic and V' depends
generally on the momenta and periodically on the
cyclic coordinates. Then Eq. (1.3) may be written

Afw 8H, 9
= =13 ——fN
ot OPm OQm
av 9 oV 9
T A ALOA P
O 0P OPm OGm

11, Prigogine and R. Balescu, Physica 25, 281, 302 (1959).

this Fourier expansion according to the number of
nonvanishing wave vectors and explicitly write all
volume dependencies so that we may assume the
coefficients do not depend on N or 2 separately in the
asymptotic limit (1.1):

fo= BV {po+ 0 i’ T pi exp(ik-q;)
+O2 Xk 2oke 251 <jo plake’?
Xexp(iky: gir+iks- gin)+- - -
40 Ekll’ . .st' ZJ'I <fo < - <jg Phy-- kgl ds
Xexp(ik1~ Qi+ +k,- q.is) (18)

where the prime on the k sums signifies the omission
of the value k=0 and Q1Y — //dk in the limit
- . For further details and many pertinent
comments, see' P-B. However, we point out here that
po is the momentum distribution function and the
other coefficients are related to correlations of the
particles.

In the present paper we depart from P-B most
significantly in our means of calculating the time
evolution of the p’s. While P-B use a time iterative
technique, we use a form of the resolvent technique
given by Van Hove? The compactness of this latter
technique allows us to investigate higher-order con-
tributions with relative ease. We are then able to
classify these higher-order contributions showing that
dissipative and cloud effects may, in the appropriate
representation and for certain long time limits, be
determined by diagonal matrix elements of operators
consisting of products of perturbations separated by

*L. Van Hove, Physica 21, 517, 901 (1955); 22, 343 (1956);
23, 441 (1957).
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diagonal operators which may be singular. This is not
to say that the evolution of the system has no non-
diagonal determination which in some cases may
yield long time effects, but only that, in the appropriate
representation and for certain long time limits the
diagonal matrix elements determine the persistent
(long time) behavior. This distinction between diagonal
and nondiagonal matrix elements of the product
operators was already stated in the masterful papers
of Van Hove.

In the last section we make some comments concern-
ing the mechanism of relaxation.

ITERATION OF THE RESOLVENT

Let us write

@O =U@®)fn(0), (2.1)
s0 that
Py kg Js—<k1 kcl U(t) IO)P0(0)+' o
+X 2k Zi1’<i2'<---<:
X(ki- - -k, iU(t)lkl' ')
Kpky - et e (2'2)
where
&y k| U)K -k,

= (81r3$2)“”f (dq)N exp(—1 12:1 ki qi)U (1)

Xexp(i L ki'-qi"/). (2.3)

p
From Eq. (1.7), the umtary operator U obeys the

equation
1(@U/dt)= (L*4+NL)U

with the initial condition U(0)=1. Then followmg
Hugenholtz,* we may write

(2.4)

U)=—— f dzR(De, @2.5)

w

where the path of integration is any positive contour
completely enclosing the real axis. Here

R(z)= (I04+NoL—2).

If we denote (L'—2z)~! by D,®, we may iterate
(assuming here once and for all that all such iterations
converge) to obtain

R(z)=D,“—\D,“$LD,®
+N2D,O5LD,O8LD, O~ - - -

2.6)

2.7

The diagonal part of R(z) is written as
{R(2)}p=D.94A\D,® T D,®, (2.8)

¥N. M. Hugenholtz, The Many Body Probiem (John Wiley &
Sons, Inc., New York, 1959), p. 1 ff.
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where
> ={—0L+NoLD,O5L

—N3LD,®SLD,O3L+---}p. (2.9)
Let us define the diagonal operator
G,={—8L+NLD,"5L
—M\8LD,9SLD, WL+ - - }sp, (2.10)

where SD means simply diagonal in the sense there
are no intermediate states equal to the final (or initial)
state. Terms which have intermediate states equal to
initial (or final) state do arise in 3. It is clear that
the sum of all possible diagonal terms, with or without
intermediate states equal to the initial or final states, is

Z =Gz+XGzDs (O)GZ+A2G:,D&(O)GZD2(D)G2+ ch
== szl - )\GzDz (0):]‘1 = Ga.Dz (Dz (0))_1,

where

@.11)

D.=[L'—3z—)G,]. (2.12)

It should be noted that Y includes all terms which
are made up of products of diagonal fragments with
their initial and final states equal to the initial (and
final) state of the complete {R(z)}p. Since our interest
will be in an expansion of R(z) in powers of A, we shall
not consider separately those diagonal fragments
formed by two equal intermediate states which are
not equal to the initial (or final) state of the complete
{R(@)}>.

We want the nondiagonal contribution to R(z) to
be expressed explicity in simply nondiagonal terms,
i.e.,, no intermediate state should equal either the
initial or final state of the complete nondiagonal
{R(z)}np. To do this, we regroup terms so that all
possible diagonal fragments connecting either the
initial or final states with an intermediate state are
included in diagonal operators separating perturbative
terms in the product. It follows then that the total
resolvent is

R(z)=D,—AD,[sL—NSLD,5L
+NSLDSLDASL~ - - JswpDs,  (2.13)

where SND means simply nondiagonal and the
contributions from all the diagonal fragments connect-
ing an intermediate state with either the initial or final
state are included in the D,.*

The role of G, in causing either cloud or dissipative
effects is much as described by Van Hove. In the
Van Hove formulation, cloud effects corresponding to
G. real when 2z approaches the real axis are easily
treated since they act only to shift residues (eigenvalue
renormalization). The integral over z to obtain the
diagonal part of U(#) follows immediately from the
Cauchy integral formula. When G. is complex or

4 The expression for the simply nondiagonal part of the resolvent
glven in Eq. (2 13) counts certain terms more than once. For most
potentials of interest, however, the error introduced is negligible.
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imaginary as z approaches the real axis, there are no
poles apparent and the residues on the real axis in the
unperturbed problem do not occur. This is the dis-
sipative case.

To treat this latter case we follow Van Hove® and
note that Gx+=G,! since L is Hermitian. Thus if we
set 3={+14n, we may write for G, close to the real axis

G(+0)=K()£iI () (2.14)

with K (¢) and J({) real and the notation =40 means
=i|n| when 7 — 0. We see then that G, is discontinuous
across the real axis whenever J(¢) is nonvanishing.
We write

Do (¢410) =[ L~ t Fi0—AK.(5) Fir . () T,

where

(2.15)

D,={a|D|a).
We note that D,({-£40) would have a pole when
Lao-g‘_‘)\Ka({) =0

(2.16)

(2.17)

if Jo(¢) vanished. If we denote by I, the value of ¢
which satisfies Eq. (2.17), we may write for D, ({=10)
in the neighborhood of Z,

D, (r£40)
=Nao(ZE) [la— §FOFANL(ZE) T (1) I,
where

Na(£)=[14AKo' (la) N (L) + - - - T

(2.18)

(2.19)

For { far from /, we may also approximate D,({=10)
by Eq. (2.18) since the difference I,— ¢ then dominates
its behavior if we assume that AK,'(l,) and AJ..'(l,) are
at most of order A. Then to a given order in an iteration
procedure we may represent D,({=¢0) by its form
near its maximal point, i.e., at the point where (2.17)
holds. ‘

We may now write, using Eq. (2.5) and setting
2t ={=+140,

i No()e=dx,
Ua(” = f
2w +o0 la—x+—'i7\Na(+)]a(la)
it Ne(—)e=-tdx_
+ .
2 j;m la— %+ AN (=) T (o)

(2.20)

If we make use of a formula given by Lighthill,® we
obtain for positive time,
Ua(t) =Nao(=£) exp(—itls)

Xexp[ —A|Na(=)Jalle) | 1],

where N (+) applies when J,(l.) is negative and N(—)
applies when J, (/) is positive.

(2.21)

5See also L. Van Hove, ‘‘Lecture notes,” University of
Washington, Seattle, Washington, 1958.

¢ M. J. Lighthill, Inéroduction to Fourier Analysis and Generalized
Functions (Cambridge University Press, New York, 1958), p. 44.
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We now must see how this formalism works. What
we do is evaluate G (¢+=10) to some order in the iteration
procedure. We are thereby able to identify K(¢) and
J(¢), which we then use as in the foregoing general
formulation. We consider then the problem so well
treated by P-B; i.e., the classical homogeneous weakly
coupled gas.

CLASSICAL WEAKLY COUPLED
HOMOGENEOUS GAS

We take over the P-B formulation and notation for
this problem. Thus

H‘_‘Zi (P12!ZM)+)‘ Zj<n an(qu"'any (3-1)

where A measures the strength of interaction, AV ;s is
the interaction potential between particles j and #
which is assumed to depend only on the relative
distance between the jth and nth particles, and we
shall take mass equal unity for convenience. We
expand V;, in a Fourier series

Vin=0131 Viexp[il: (q;—an)],

where V; depends only on the absolute value of .

P-B specify the initial conditions such that the
Fourier coefficients initially have the same order of
magnitude as in equilibrium

(3.2)

po(O)’\'l 5 pklkzaﬁ'\'}\ for’ k1= '—kz;
pklkgks"“s’"\')\2 for k1+k2+k3=0, etc.
Pkikg- - _aﬂ---=0 fOI' k1+k2+‘ . #O.

(3.3)

The vanishing of the pkiky..-28- - for k;+ko4----#0
is a manifestation of the fact that 6L only couples the
completely homogeneous states (for which all wave
vectors vanish) to quasi-homogeneous states where
the sum of the wave vectors present vanishes.

Let us now consider the time evolution of the p’s to
lowest order. We note that 8L derived from the
potential V;,, Eq. (3.2), has vanishing diagonal matrix
elements in the k— representation. Thus, to lowest
order,

G(E=£10;\)=[NL(L°—{F40)%6L]sp, (3.4)

where the order in A is explicitly indicated. For po we
are concerned with

(0| 8L (I9—¢F40)—15L | 0)

0 Y f 4| V,)21-D,,

1
X[:bir&(l-g,-,,——g')—f-P( )]I'Dnj, (3.5)
l'gfn—g-

where P just means principal value, D;,=[(3/dp;)
-+ (9/9p») ], and g;,= p,~ p.. Equation (3.5) corresponds
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to the cycle (or A? chain) diagram in Fig. 1(a). Then

Ko(s";x>=xsrl>:j<,,f dlv,’1.D,,

1
<e( Yoo,
gn_g‘
’ (3.6)

=AML(0) ,
To(t; ) =AY e f 41 V1|21 D,

1-g;,—O1-D.,
=204(0). X (1-gin—)1-D; 3.7)
We assume the derivatives of Ko(t;A) and Jo(¢; M)
are of the same order of magnitude as Ko(f;)\) and
Jo(¢; N) themselves. This means that we assume K,
and Jy are not only small, but also slowly varying.
Now iterating Eq. (2.17) we find that /,=0 is the
maximal point for Dy({440;A2). Thus, for the moment
discounting any nondiagonal contribution and keeping
only terms in A% we find for po, using Eq. (2.2),

poNH=[14+-N2M,'(0)£120,'(0)]
X exp[ —N%04(0)100(0). (3.8)

In the approximation M*—0, {— « such that
A%t — finite constant, which we call the A% limit (see
also Van Hove), Eq. (3.8) reduces to the P-B result

[oo(A%) Jo—p=exp[ —A02(0)1oo (0). (3.9)

We note that the compactness of the resolvent
formalism allows us to consider only one diagram to
obtain Eq. (3.9) rather than the very large number
needed for all the (A%)™ contributions necessary in the
P-B iterative procedure.

Let us carry our results to next highest order. We
are then interested in

G(=£40; N) = [NOL(L'— tFi0)~3L]sp
—[ABL(L—¢Fi0)~18L

X (L= ¢Fi0)8L)sp. (3.10)
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(a)

Fic. 1. (a) The cycle or A2
chain diagram; (b) A chain (p)
diagram; (c) A\® ring diagram.

0§ 0

(c)

The first term on the right-hand side of Eq. (3.10)
was treated previously. For po, there are two types of
diagrams that correspond to the second term. These
are the A® chain, C¢(A2), shown in Fig. 1(b) and the A
ring, Ry(A?), shown in Fig. 1(c), so that

N0 8L (L0~ ¢ FF40)—18L (L9— {Fi0)~16L |0)

=Co(f40; \)+Ro(££40; X2).  (3.11)

Then , ,
Co(i‘i’iO;)\z)=)\29—1f dlf dl' Zjcn

XVOV(1=-1)V({)1-Dja
X { (l g:in_g-:FiO)“l(l_ l’) 'Dfn
XV -gjn—¢Fi0)1-Dy}  (3.12)

Ro(¢£i0; A2 =Xg- f AT sen S| VO 91D,

X{(1- gy —¢F90)7'1- Dyr;

X (- g;;—¢Fi0)"1-D;a}.  (3.13)
For {=0 only terms made up of products of a & function
and a principal value make nonvanishing contributions.
Thus the iteration of Eq. (2.17) again yields /,=0 for
the maximal point of (0| D(¢==10; 2 |0), and we have

’ ’ 1
Cuoxi0p) =i~ [ | dl’Zf<nV(l)V(|l—l'l)V(l')[I'Djnﬁ(l'gjn)(l—l')'DjnP(l, ’ )l'-D,-,,
o

1
+1-Djnp(1——)(1—1f>.1)]-na<1'-g,-,.)1'-1),- }; (3.14)

*Bin

’ 1
Ro(O:i:iO;)\Z)=:i:i1r)\29‘2f dlz;f<n2j’4=nlV(l)[31‘Dni’{5(l'gni’)l'Dj'ip(l p )l~D,-,.
i

By defining the operators

05¢(0) = (i/3)Co(0+10; N?)
(3.16)

O3z(0) = (/W) Ro(0+40; \?),

1
+7(

. )1.D,.,,-a<1.g,.,j>n.n,.,,}. (3.15)

and again discounting any nondiagonal contributions,
we have for po in the A% limit corrected to first order in A

po(N)=exp[ — (NOs-N03c+N0se)e].  (3.17)

In contrast to the corresponding P-B result which



376 S.

>

Fi16. 2. Diagrams for the

A simply diagonal contribu-
tions to (0] G({=£40)|0).

(e) OO

(N <>
=

" %

w OO

includes only A(A%)* terms, Eq. (3.17) includes con-
tributions from all possible diagrams which are made
up of cycles, A chains, and A rings. In the time iterative
procedure, this means we would have certain terms of
the form N(A%)". The resolvent technique enables us
to pick out and classify those M(A%)” terms arising from
diagonal fragments in an orderly way.

Let us consider the diagonal contributions for py to
next highest order. In this case, things get much more
complicated but there is no difficulty in principle.
Aside from lower-order terms already contributing to
the exponential part as in Eq. (3.16), we have the
M SD terms (see their diagrams in Fig. 2). Now,
however, the N limit is corrected to order A? so that
we may no longer neglect the contributions from the
derivatives of G in the long time limit.

Let us turn now to the nondiagonal resolvent
contributions. The first such contribution to the
evolution of go() is

(a)

o (1) = (ri/ 27) f dse0|D,J0) [ A1 Tser

X{Vl:Djo(—11| D.| —p_,»(0)}. (3.18)
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We define a quantity Q by using Eq. (3.18) and setting
po™ ()= (¢/2x) f dze={0]| D, | 0)[A\20po(0)], (3.19)

where the extra factor of A arises because of the initial
conditions, Eq. (3.3). With the use of Eq. (3.16), we

may write’

po()>zexp[— (\203+A03¢c+N0s3r)1 ]
X [14+MQTp0(0).

We note that in the A% limit, even corrected by A%
terms, the nondiagonal term makes no contribution.
However, in an iterative expansion, the nondiagonal
term does provide terms of the form A2(A%)*, etc., and
the nature of its contribution is not clearly separated
from similar, more important diagonal terms. Also,
Eq. (3.19) points out the importance of the initial
conditions in determining the long time behavior.
Thus, if the nondiagonal contribution is of the order A
instead of A2, we would not be consistent in keeping

(3.20)

"M% terms in the exponential. Another important point

is the dependence on representation. Suppose to obtain
an adequate description of the relaxation we had to
keep many higher-order terms in the exponential.
Then for practically any reasonable initial conditions,
the nondiagonal terms would contribute to persistent
(long time) behavior. This, however, may be remedied
by transforming to an appropriate representation.
Consider the following transformation:

e~ SRetS={R} p+{R}xp+[{R}p,S1+[{R}xp,5]
+%([{R}D:SJ>‘S)+ Tt

If we_choose S such that
{R}vp+[{R}p,5]=0,

we see that the original nondiagonal terms make a
contribution to higher-order diagonal terms and the
new nondiagonal terms are of a higher order than the
original nondiagonal terms and therefore more negli-
gible. We may continue to do this until only diagonal
terms (in an appropriate representation) determine
the persistent behavior so that an equation such as
Eq. (3.17) accurately describes the long time relaxation
of a transformed po. However, the nondiagonal terms
clearly make a contribution to the evolution of this
transformed po for shorter times. This contribution
may be reversible or irreversible depending on the
nature of the (’s.

(3.21)

MECHANISM OF RELAXATION

It is not immediately apparent that a function such
as po should obey an irreversible equation since the
Liouville equation from which such an equation is

" Actually, to this order in A, we should also include A? terms
which arise in N () [see Eq. (2.21)7].
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derived is reversible. However, equations such as
(3.17) are indeed irreversible and it is of interest to
attempt to find the origin of this irreversible behavior.

From Eq. (3.17), it is apparent that for dissipative
effects to occur in the A% limit, it is of primary im-
portance that the imaginary parts of the G({=%40)’s
are nonvanishing. The nonvanishing of the imaginary
parts of the appropriate G ({+140)’s is related to the choice
of representation and in our example to the possibility
of degeneracy of the eigenvalues of the unperturbed
operator. This, in turn, is related to the need for
a large system with a continuous spectrum. It was
Van Hove who first emphasized the importance of
the properties of the perturbation when he noted
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that persistent (long time) effects are determined by
the diagonal matrix elements of operators composed
of products of perturbation operators separated by
diagonal operators which may have singularities.
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A measure of deviation from equilibrium of an ensemble of
particles is proposed, which is physically appropriate and of
especially simple form when expressed in terms of the expansion
coefficients of the ensemble distribution function with respect to
the system of orthogonal polynomials obtained by using the
equilibrium distribution function as weight function. The linear
Boltzmann operator can then be expanded in a series of terms
which, under certain circumstances, may be regarded as of
successively diminishing magnitude in their effect on the rate of
approach to equilibrium. This expansion of the operator is
different from the expansion due to Kramers (later discussed by
Moyal) in derivate moments, commonly used in approximate
stochastic treatments of irreversible processes. With the aid of a

theorem on definite operators, it is possible to break off the series
at any point and thereby obtain a correspondingly accurate
approximation to the linear Boltzmann operator, whose temp9ral
solutions tend to the correct equilibrium distribution function.
The first approximation is the Fokker-Planck operator, exactly.
The next approximation would be the appropriate operator to use
when the stochastic variable begins to deviate appreciably from
a linear dissipation law, etc. The method is applied to the “l}ay—
leigh process” (ensemble of particles in a rarefied gas medium,
the medium itself being in internal equilibrium), and the secon.d
approximation to the linear Boltzmann operator for this. case is
explicitly derived. A possible form for the second approximation
in more general processes, suggested by this, is also given.

1. INTRODUCTION AND BASIC THEOREMS
1. Introduction

HE central theoretical tools in the study of
time-varying thermal fluctuations have long been

the Fokker-Planck equation and its alfer ego the
Langevin equation.! The use of these powerful mathe-
matical devices has conferred on the subject a consider-
able degree of logical cohesion, but they limit its scope
to phenomena obeying a linear friction, or dissipation,
law (the terminology is defined in footnote 1). From
the point of view of experiment this limitation is of no

* This work supported in part by the U. S. Air Force through
the Air Force Office of Scientific Research, Air Research and
Development Command.

19; 7]05}1811 Simon Guggenheim Memorial Foundation Fellow,

I Present address: Boston University.

t The Fokker-Planck equation for the temporal evolution of
the probability density function P (&,t) of a scalar variable £ reads

aP(E) @ b o
=_‘—GEP(£J)+“ __P(E;»
a3t 238

Here et is (if the equation is applicable) minus the ensemble
average rate of change of £ due to “friction” or dissipative effects
in general; ie., (§)=—at. For a particle undergoing Brownian
motion, (£ is literally due to friction, being attributable to
viscosity ; more generally, £ may be any thermodynamic observ-
able in its range of linear dissipation, according to the theories
referred to in footnotes 2 and 3. The constant b is (again, if the
equation js applicable) a measure of the amplitude of thermal
fluctuations, or “noise.”

In the mathematically equivalent Langevin formalism, £(3) is
a random function of time satisfying the Langevin equation

£+a£= (B)e(®),

where ¢(f) is the “ideal random function’’ normalized so that

([ I\ ‘e(t)dt]’)=t.

£(#) will then be found to have a probability density satisfying the
Fokker-Planck equation as just given.

Introductory treatments of these matters will be found in the
well-known review articles by S. Chandrasekhar [Revs. Modern
Phys. 15, 1 (1943)] and by M. C. Wang and G. E. Uhlenbeck
[Revs. Modern Phys. 17, 323 (1945)].

consequence at present, because there are as yet no
temporal observations outside the linear friction range.
But from the point of view of theory, the extension of
our understanding to the nonlinear range appears
desirable, because the dominating purpose of theory in
this field is to bridge the gap between the fundamental
theoretical postulates of kinetic theory and the phe-
nomenological formalism, namely, thermodynamics
(sensu antonym of thermostatics). The Fokker-Planck-
Langevin formalism does make contact with thermo-
dynamics®>® on the one side of this gap. But the
fundamental theory is certainly nonlinear, hence
“nonlinearization” of the Fokker-Planck-Langevin for-
malism is necessary to further the linkage.

A number of papers and reports on this subject have
appeared in recent years.*® Some of these make more
or less tentative assumptions regarding the fundamental
statistical equations governing the nonlinear systems,
and go on to obtain solutions of these equations. Others
emphasize only the problem of deriving and justifying
the fundamental statistical equations. The present
paper is addressed to this latter problem.

The thinking that underlies the present work is as
follows : The Fokker-Planck equation may be rigorously
derived in the case of the random walk in velocity
space.”® The random walk, as a random impact process,
may be regarded as a simplified version of the Rayieigh
process.t The Rayleigh process, which is defined and

? N. Hashitsume, Progr. Theoret. Phys. (Kyoto) 8, 461 (1952).

% L. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953).

*D. K. C. MacDonald, Phys. Rev. 108, 541 (1957).

5 N. G. van Kampen, Phys. Rev. 110, 319 (1958).

6 R. O. Davies, Physica 24, 1055 (1958).

7C. T. J. Alkemade, Physica 24, 1029 (1958).

8 M. Lax, Revs. Modern Phys. 32, 25 (1960).

?N. G. van Kampen (unpublished report, 1959).

1 See S. Chandrasekhar or M. C. Wang and G. E. Uhlenbeck,
cited in footnote 1.

! Lord Rayleigh, Scientific Papers (Cambridge University Press,
New Vork, 1902), Vol. 3, p. 273; discussed by C. S. Wang Chang
and G. E. Ublenbeck, Kinetic Theory of a Gos in Alternating Out-

side Force Fields, Engineering Research Institute Report 2457-3-T
{University of Michigan, Ann Arbor, Michigan, 1956).
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discussed in Sec. IT and Appendix A of this paper, is a
process which is itself simple enough for easy, explicit
mathematical description, yet real enough to embody
some basic features of thermal fluctuation phenomena.
In the simplified version referred to in the foregoing,
the friction dependence is linear, but in the exact

_formulation it is definitely nonlinear. Thus it might be
possible to derive from it ¢ counterpart, if not the
counterpart, of the Fokker-Planck equation for the
nonlinear friction region.

The probability density of the random variable in a
Rayleigh process obeys a linear Boltzmann equation,
the operator of which contains an explicit expansion
parameter. When the operator is appropriately ex-
panded in terms of this parameter (this is done in
Sec. IT, where it is shown that this expansion is different
from the customarily employed Kramers or Moyal
expansion), the condition that the probability density
tends to the known equilibrium form can be applied to
the problem of approximating this series. The first
approximation is, as it must be, the Fokker-Planck
equation. The second approxzimation is a sixth-order
differential operator of precisely defined form con-
taining two independent physical parameters (in addi-
tion to that of the first approximation), and an arbitrary
parameter which does not affect any experimentally
measurable results, The method is, moreover, a general
one and yields approximations of arbitrary order. Thus
there is a regular sequence of approximations linking
the Fokker-Planck and linear Boltzmann equations.

The paper is organized as follows: Since the result
may have validity for processes other than the Rayleigh
process, the subsections of Sec. I which follow this intro-
ductory section discuss the general case of a linear
Boltzmann-operator expansion having the necessary
properties, and state and prove the theorems for the
construction of satisfactory approximations from this
expansion. In Sec. II the Rayleigh process is de-
scribed, certain necessary expressions are derived
from it, and the general theorem is applied. In Sec.
III certain generalizations suggested by the Ray-
leigh process analysis are discussed. The equation
generalizing the Fokker-Planck equation to cubic
friction is then given for a hypothetical process which
is mathematically similar to the Rayleigh process but
which does not possess an explicit expansion parameter,
or for which the parameter is unknown.

2. Précis of Method for Construction of
Successive Approximations to the
Linear Boltzmann Operator

Consider the linear Boltzmann equation for an
ensemble of particles moving in one dimension. Assume
no force field, and that the particles have already
attained a spatially uniform density. The distribution
function will then depend only on velocity and time:
We write P(V,?) for the probability density of velocity
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V, normalized to unity, as a function of time. The

linear Boltzmann equation will then be
3P/dt=BP, (1)

where B is a linear integral operator. The function BP
is given, more explicitly, in terms of a kernel B(V,V’) as

f B(V,V)P(V"dV'. 2)

The eigenvalues of B must all be negative, except
for a nondegenerate zero eigenvalue which has the
Maxwell-Boltzmann distribution function

e O

F(V)=(2xVg)~t exp( —

{V g=root-mean-square value of V in the
equilibrium distribution) (4)

as its eigenfunction. This “equilibrium requirement’’
ensures that an arbitrary initial distribution will always
decay into the Maxwell-Boltzmann distribution. It
may be equivalently formulated by saying that B must
be negative semidefinite, in the sense that

f Y ONBW VY (VY RVVAV'S0  (5)

for any polynomial V' (V), with the equality sign holding
only for ¥'= constant.

In the following discussion we take B to be in a
Hermitian matrix representation. The vector corre-
sponding to F(V) is then the (unique) eigenvector of B
for eigenvalue zero. The negative semidefiniteness
requirement will take the form

S u,.B,u,20 (6)

for all normalizable vectors (u.), with the equality
holding when (u,,) corresponds to F(V). (Details of
such a representation will be given in Sec. 1.3.)

Suppose B to depend on some parameter A with
respect to which it may be expanded in a convergent
series:

B=c(\) & \"b, 0
me

where ¢()\) is a positive c-number function of X and b,,
is a matrix independent of A. The existence of such an
expansion suggests the possibility of approximating B,
for small values of A, by terminating the series at some
finite value of m. In so doing, however, it will be
important to retain the negative semidefiniteness
property in the approximate operator: Lack of this
property will imply the existence of at Jeast one eigen-
vector of B which grows, instead of decaying, expo-
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nentially with time; if present in the initial distribution,
in however small an admixture, this mode or modes
will grow in amplitude indefinitely large with time,
hence the Maxwell-Boltzmann distribution will never
be reached.

It is not possible to prove from the negative semi-
definiteness of B that an operator obtained by termi-
nating the series (7) is negative semidefinite. In fact,
we shall find that the model to be discussed below
furnishes a counterexample to such a supposition.
However, it may be possible to retain the negative
semidefiniteness property by a simple construction. This
is based on the following factorization theorem': A
positive semidefinite Hermitian malrix can always be
written as the product of some (suitably chosen) mairiz Q
and its adjoint QF. Let us put, for the sum in Eq. (7),

B= f: A", (8)

m=0

Then, applying this theorem to B, which is negative
semidefinite like B,

B=—-Q0". 9)

[N.B.: Q is determined only to within a unitary
postmultiple; if U is unitary, QU(QU)'=QU-U-'Qt
=(QQ".] Suppose now that Q also can be expanded in
terms of A:

0=3 N (10)
1=0

For the operator obtained by taking the first #, terms
of Q, write
mQ
Qo =3_ Ngu. (11)
1=0
Then
B= —QmQmot4 o(Amo) (12)
where o(A™) is an operator of order higher than
Am; je., B may be approximated to order A™ by
—QmQm0t 3 form analogous to the exact factor-
ization QQ'.

We now assert that —Q@oQmot i3 a negative
semidefinite matrix. That it is at least negative definite
follows from its very form, since for any vector u,
u.Q(MO)Q(mo>fu= (Q(mo)fu) - (Qmoty) >0, This being so,
it will moreover be negative semidefinite in the sense
desired if F [Eq. (3)] is an eigenvector, with eigenvalue
zero. This can be shown to be true, as follows: QIF=0
since by hypothesis [remark following Eq. (5)]
(F,QQF)= (Q'F,QtF)=0. But if Q' annihilates F, and
if the series of Eq. (10) represents Q over some nonzero
range of A, then the individual ¢;' must also annihilate

12 F, D. Murnaghan, The Theory of Group Representations (The
Johns Hopkins Press, Baltimore, 1938), p. 20.
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F; since, putting ¢/F=F, we must have }_ NF;=0
over this range of A, which means that the individual
F; must vanish; whence Q¢ annihilates F, and F is
an eigenvector of Q0Q 0t for eigenvalue zero, q.e.d.

We use a subscript m, to denote a negative semi-
definite approximation to B of order A™ as constructed
in the foregoing, i.e.,

Boo=— Q (Mo)Q(Mo)T.

It should be noted that Bmy could, unlike B, be de-
generate with respect to the zero eigenvalue, so far as
the present proof goes. If this should happen, it would
of course be quite unsuitable, since the time-asymptotic
distribution, in contradiction to the H theorem, would
not be uniquely the Maxwell-Boltzmann distribution,
but would depend on the initial distribution. Until
more is known, the success of the method sketched
above in yielding an approximation suitable in this
respect cannot be guaranteed in advance; individual
cases to which it is applied will have to be inspected
after the event for satisfaction of this criterion.

(13)

Construction of Q™

If we substitute the series expressions for Q and for
B into Eq. (9), and equate coefficients of like powers
of A, we obtain an infinite set of equations

-3 >=:o (9igm—i"+qm—igs' ) =bm; m=0,1,2,---. (14)
?

The first mo+1 equations of this set involve only the
first (mo+1)¢’s, go, g1- * - gmo. Suppose we have a solution
to these first mo+1 equations, say qo, ¢/, < -gmo’;
primes are used to allow for the possibility that these
may not agree with the first m, terms of Q itself (i.e.,
of the solution to the infinite set of equations), even
after allowing for the possibility of an arbitrary common
unitary postmultiple. From these we can construct an
operator

By = —(/ (m(Q)! (mo)t, (15)
where
mo
Q’(mo)=z }\lql’. (16)
=0

Br', like B, agrees with B to order A™. In this way,
if Egs. (14) can be solved for m=0, 1, 2- - -m,, we have
successive approximations up to moth order in A to B.

3. Estimation of the Degree of Deviation
from Equilibrium

The essential nature of B is to drive its operand
P(V,t) toward the equilibrium function F(V). Thus
when it is expanded, the increasing smallness of its
successive terms should be with respect to their effec-
tiveness in this sense. With this in mind, we adopt the
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following as a measure of the degree of deviation of
P(V,#) from the equilibrium distribution F(V):

[PVH-FNT,
F(V)

XO2=

an

It will be noted that this is the same, to within a
constant factor, as Pearson’s noted x? of statistical
theory,”® with F(V) the hypothetical and P(V,!) the
sampling distribution, and with an infinitely fine
subdivision of the range of V. However, since there are
a number of possible measures of “goodness of fit” of a
distribution, mere coincidence with one of these which
happens to be famous is not sufficient reason for its
adoption; it is necessary to demonstrate the suitability
of the choice (17). Our reasons for adopting it are the
following :

(1) It emphasizes deviations from equilibrium ac-
cording to the magnitude of the V values involved:
Since F(V) will be essentially localized in the region of
equilibrium values of V, it is increasingly small for
increasingly large deviations of V from its equilibrium
range, and with F(V) in the denominator of the inte-
grand of X these large deviations are increasingly
heavily weighted. This is appropriate in a study of the
approach to equilibrium, because a given amount of
probability added to or taken away from the equilibrium
distribution curve in the neighborhood of some V value
becomes increasingly important in its effects with
increasing deviation from the rms value of V.

(2) It is precisely adapted to formulation in terms
of a matrix representation, and therefore to the utili-
zation of the theorem of Sec. I.2: given a set of poly-
nomials #,(V) orthogonalized with respect to F(V) as
weight function (in particular, the Hermite poly-
nomials),

[ 602,008 7 = 0N, (19

where N, is a normalization constant. Expand P(V )
in terms of normalized functions (No/N,)}p.(V)F(V):

P(VH=No? i a, ()N AP (VYE(V). (19)

r=0

Then
Xp=No [ 5/ sl ONAPVIIF(V)IV =" o, (20)

where the prime on the summation sign denotes
omission of the term r=0. Noting that the a, are the
components of the Hilbert-space vector P(V,f), we see

1 See, eg., H. Cramér, Mathematical Methods of Statistics
(Princeton University Press, Princeton, New Jersey, 1945),
Chap. 30.
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that X¢? is now represented by the squared length of
the part of P(V,) orthogonal to the equilibrium
function. Thus, when B is put into a matrix represen-
tation having the above as basis functions, its tendency
to promote equilibrium will be measured in the simplest
possible way—by its effect on the components of its
vector operand.

We are now in a position to relate the approach to
equilibrium to the series expansion of B. The matrix
elements of B are

Bn=No(NrN.)‘*ffPr(V)B(V,V')p,(V’)dVdV’. (21)

[Because of the detailed balancing condition,
B(V,V)F(V")=B(V',V)F(V), these are Hermitian.]
If Eq. (1) is taken in matrix form, and B expanded
according to Eq. (7), we find for the rate of decrease
of X,,”,

dX()2 ®

— =20 EA" T 0:(bu)t (22)

Thus if A1, the successive matrices b,,(m=0,1,2, - - )
make rapidly decreasing contributions to the trend to
equilibrium, at least if the sums which are the coefh-
cients of the A do not increase markedly with m. Thus
we have achieved the interpretation of the expansion (7)
which was sought at the beginning of this section.

4. Summary of Method

Successive approximations to the Boltzmann operator
with respect to its tendency to promote equilibrium may
be constructed then along the following lines: (1) B
must be put into a matrix representation, using as basis
the orthogonal [with respect to F(V) as weighting
function] functions p,(V); (2) the matrix B is then
expanded (if possible) in terms of a small parameter A;
(3) the procedure of Sec. 1.2 is then used to obtain a
negative semidefinite approximation of the desired order
inA; (4) the coefficients of successive powers of \ in the
expansion of dX¢?/d¢ must not increase too rapidly.

We do not discuss requirement (4) in the present
paper, but merely apply the method outlined assuming
it to be satisfied. We shall show that the zeroth approxi-
mation thus obtained is exactly the Fokker-Planck
equation, which is evidence that this procedure is
justified. Before leaving this subject, however, it might
be mentioned that from the general behavior of the
successive matrices b, in the special case to be studied
in Sec. IT of this paper, it appears [see Eq. (76)] that
they satisfy requirement (4) to the extent that P(V,t)
approximates to the equilibrium function; whence
higher terms of the expansion become important, de-
spite the decreasing values of A™, with highly disequi-
librated ensembles.
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S. Considerations Related to the H Theorem

Brinkman' has suggested the application, in the
study of the linear Boltzmann process, of the criterion

F=o, (23)
where
F=U-TS, (24)

U and S being the internal energy and entropy of the
set of particles whose distribution function obeys the
postulated linear Boltzmann equation, and 7 the tem-
perature of the medium whose molecules generate the
random motion of the particles. Since Brinkman did
not consider the linear Boltzmann equation as such, it
is of interest to see how his criterion fits into the present
work.

First, to settle on a simple nomenclature, let us agree
henceforth to restrict the term “particle” to the indi-
viduals whose random motion is being studied, and the
term “molecule” to the constituent individuals of the
medium. Assume both particles and molecules to be
uniformly distributed in space. If f(,f) is the distribu-
tion function of molecules with respect to their velocity
variate v, and P(V,f) that of particles with respect to
their velocity variate V, then the H function per unit
volume of the combined systems is

H()= f £(0.2) logf (o,)do-+ f P(V.2) logP(V )dV. (25)

The application of the Stosszahlansatz to collisions of all
kinds will lead to the usual nonlinear coupled Boltz-
mann equations for the two distributions, and thereby
to the H theorem:

H= f flogfdv+ f P logPdV <0. (26)

Now let us specialize to the conditions under which
the linear Boltzmann equation holds for the particles—
to the “linear Boltzmann regime,” as we shall call it.
f(v,2) is then negligibly different from the equilibrium
Mazxwell-Boltzmann distribution. This does not mean
that f is necessarily to be neglected, but merely that
its effect relative to f is. As for f, it has a contribution
due to collisions of molecules with one another, and one
due to collisions with the particles. Under the linear
Boltzmann regime, the former can be made arbitrarily
small independently of the latter—for example, by
making the medium sufficiently rarefied while compen-
sating for this by increasing the size of the particles;
thus we assume it to be negligible.

For the second term in (26) we shall have

f P logPdV=—S/k. 27

4H, C. Brinkman, Physica 23, 82 (1957).
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As for the first term, the f contribution due to collisions
between molecules and particles cannot be neglected,
unlike the other contribution, since these are the colli-
sions responsible for the process itself. But since the
molecules are in equilibrium,

log f=—3m?/kT+const, (28)
and , . )
log U (medium) U (29)
O P == - ————— =
f Jlog kT
We will thus have from (26), with H=—S/k,
F=o0, (30)

showing that Brinkman’s criterion is necessarily satisfied

under the linear Boltzmann regime, i.e., ¥ will decrease

when P(V,t) satisfies the linear Boltzmann equation.
We shall return to this matter at the end of Sec. ILS.

II. APPLICATION TO THE RAYLEIGH MODEL

1. Linear Boltzmann Operator for
the Rayleigh Model

As an illustration of the method described above, we
apply it to a simplified case which is still interesting
from the kinetic theory point of view; that of the ran-
dom velocity of a particle suspended in a rarefied gas in
internal equilibrium. In order to simplify the mathe-
matical analysis, we introduce certain artifices which
are more or less familiar in this classical problem. We
study the random motion of particles (as defined in
Sec. 1.5) of mass M. Their random motion results from
collisions with the molecules of the rarefied gas, of mass
m. The molecules have uniform spatial density p and a
Mazxwell-Boltzmann distribution with respect to the
molecular velocity v,

v2
erutrtesn( - =), 31)
20132
where
vr®=rms value of any component of v=£k7T/m. (32)

The mass ratio m/M will at a later stage be assumed
less than one, but not necessarily very small. We assume
the gas sufficiently rarefied, and the particle concentra-
tion low enough, for the initial Maxwell-Boltzmann
distribution of the gas molecules not to change appreci-
ably in time, no matter what the initial velocity dis-
tribution of the particles. The particle concentration is
also to be so low that collisions of particles with one
another occur with negligible frequency, i.e., the random
velocity changes of the particles are entirely caused by
collisions with the molecules.

For further simplicity we take the particles to be
infinitely thin disks, each constrained to move only in a
direction perpendicular to its plane. This constraint,
while artificial, is of a purely passive nature and does
not dynamically affect the spontaneous statistical fluc-
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tuations responsible for the random process studied; in
particular, we shall obtain in lowest approximation
exactly the classical Browian motion.

With the foregoing constraint, the distributed vari-
able of the disk distribution is the velocity component
along the line of the allowed motion, which we may call
V. However, we shall use instead of V the dimensionless

y= V/ VR (33)

[ Vg is defined in Eq. (4); here Vg= (kT/M){].

The linear Boltzmann equation of the foregoing
process, which is obeyed by P(y,f), the probability
density function in v, is

dP(y't)

at

- [Boramrerpay, 69

where the linear Boltzmann operator B(y’,y”) has the
form

By )=C(y'|y")—8(y'—y") f Clyly"dy. (35)

It is shown in Appendix A that

14u\?
CO&"|y)=Vr(u/ 2w)*(——p) [y =]
2u

1
Xexp{ - LUy~ -y T 6O

C(y"]9') is the transition probability density-in-y" for
a particle having initial velocity y'.

2. Expansion in Kramers Series

The operator B can be expanded in Kramers series!®

B il( 6)ﬂ o)
—n—ln! ay' azly ),

in terms of the ‘‘derivate moments” a, (Moyal’s!®
terminology)

an(y)= f (' =y)C" | y)dy".

(37)

(38)

(B is now an infinite-order differential operator, not an
integral operator.)
Some simplification results if a.(y’) is replaced by

the function
4.y 1+“)" )
n = — ) aaly
Y Vepin!\ u

15 H, A. Kramers, Physica 7, 284 (1940).

16 . Chandrasekhar, Revs. Modern Phys. 15, 1 (1943).

1M, C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 17,
323 (1945).

1 7. E. Moyal, J. Roy. Stat. Soc. (London) B11, 150 (1949).

1 J. Keilson and J. E. Storer, Quart. Appl. Math. 10, 243 (1952).

(39)
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and if in the integral for a,(y') the transformation

1+
x=——I(y"—y),
2u

y=y (40)

is introduced (x is then the new variable of integration,
and y the new argument of a,). On substituting (36)
into the integral for a., we then find

n

A.(y)=

"
(zr)wfem[- §(x+3’) ]x |x|dx, (41)

and the expansion (37) becomes

n=l1

BVt S ﬁ—‘-‘)"(—%)”m.(y). (@)

3. Discussion of the Kramers Expansion

The simple appearance of the Kramers expansion is
somewhat misleading from the point of view of the study
of the approach to equilibrium, since it is not clear
whether or how the successive terms represent decreas-
ing contributions to the equilibrium-seeking tendency.
In fact, we shall find that the expansion of B according
to the matrix method of Sec. 1.3, and which is adapted
to the especially simple criterion of deviation from
equilibrium there introduced, is quite different from the
Kramers expansion. Thus the Kramers expansion plays
no fundamental role in this work ; however, we shall find
it useful in deriving actual expressions for matrices.

The foregoing assertion is foreshadowed by the result
of the traditional “random walk” analysis of the ve-
locity-space progress of a particle subject to successive
independent random impacts, which is a valid approxi-
mation in the present kind of system in the limit of
vanishingly small u. But it is certainly not clear how
one could, at least in any offhand way, apply this
limiting process to Eq. (42) directly. The ‘‘random
walk” derivation, to be sure, does use the Kramers
expansion, but it uses limiting approximations for the
derivate moments from the outset, and does not make
explicit use of .

On the other hand, Wang Chang and Uhlenbeck!!
obtained the Fokker-Planck equation directly from the
linear Boltzmann equation by combining with the as-
sumption of vanishing mass ratio the assumption that
the velocity variable of the particles never gets much
larger than the rms value it would have in equilibrium.
[In our case this would amount to assuming P(y,)
negligible for y much larger than u.] It can be shown
that these combined requirements are equivalent to
taking the first two terms only in the expansion (42),
and simultaneously approximating 4, and 4, by their
lowest-order terms in ¥, these being of first and zeroth
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order, respectively®; and this same result will be seen
to follow quite simply from our analysis. The work that
will be presented here extends the procedure of Wang
Chang and Uhlenbeck in that successive approxima-
tions, rather than a single limiting approximation, can
be obtained.

3. Symmetrizﬁtion of B; Basis Functions of
the Matrix Representation

The kernel of Eq. (34) can be symmetrized by the
transformation

_ yig yllg
B(y, ")=exP(Z)B(y’,y”) eXp(— —;); (43)

with the accompanying transformation of the distribu-
tion function,

P(y'>=exp(-y;)P<y'>, (44)

the linear Boltzmann equation (34) is unchanged in

form: _
AP(y')

at

= f B,y )P(y" t)dy". (45)

Being symmetric, B is Hermitian with respect to an
unweighted inner product, thus for any two functions
o(y), ¥(y), we henceforth define

(o) = f W) (46)

This definition of the inner product is of heuristic con-
venience for the geometrical interpretation, and facili-
tates the use of standard (at least to mathematical
physicists) definitions of the Hermite functions, which
we shall use extensively.

The corresponding transformation of B as a differ-
ential operator [Eq. (42)7is

_ y") ¥ /B \"
B=exp{ — )Be (—-—)=V 3 —~—~)
Xp(4 *P 4 i El 14+u

Xexp(?)(— %)nexp(— —}Z)An(y). (47)

Since the equilibrium function of the linear Boltz-
mann operator of the process we are considering is
(2n)~* exp(—5%/2), we use as the basis for our matrix
representation, for the reasons given in Sec. L3, the
Hermite polynomials that are orthogonal in the sense
of Eq. (18) with respect to this as weighting function.
But with the definition of inner product we are now
using, Eq. (46), the basis consists rather of the Hermite

% As pointed out by H. A. Kramers (footnotp 15), the derivate
moments a, are even or odd functions as # is an even or odd
number.
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functions \
y
h(y)=Cr exp(— Z), (48)
where C is the “creation operator”
. 5 d ¥
C=exp(-—)(— ———) exp(— -—-—). (49)
4 dy 4
These satisfy
(hr,hs) == Nrsny (50)
where
N,=(2r)¥! (51)
The Hermite polynomials are
y2
1, =exp( = ol (52)

They are the counterparts of the polynomials p.,(V) c!f
Sec. 1.3. If in that section we take N, (which is arbi-
trary at that stage)

]Vo‘—‘ (27!’)%, (53)
let y correspond directly to V, and put
F(y)= (2x)~} exp(—»*/2), (54)

then N, times formula (18) corresponds exactly to (50).
The matrix elements of B as defined by (21) now be-
come matrix elements of B with respect to the new
definition of inner product:
ks
),
A

h,
= B,,(sense of this section).

B,,(sense of Sec. I.3)=( \
N4

(35)

Henceforth matrix elements are to be understood as de-
fined according to the second of the foregoing equalities.
For X¢, Sec. 1.3, we now have

Xe=No f (P—Fyidy=No(P—F, P—F). (56)

4. Matrix Expansion of B
B can now be written in terms of creation operators

- o TR
B=Vgut 3 (“_) CnAn(y)'
1+

n=1 1]

(57)

We are now ready to derive the matrix expansion of B
analogous to Eq. (7). The crucial step for this derivation
is to expand the 4, in Hermite polynomials

Anly)= f‘;o AnHo(y), (58)

where the A, are constant coefficients. It is just this
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device that will be seen to make possible a simple ex-
pansxon of the matrix of B.

It is shown in Appendix B that the expansion co-
efficients 4, have the form

i ‘(k—ﬂ—E) 12
Ank=(1+n)“*(——-) .
14p

where a,; is independent of u. It should be noted that
@nt is nonvanishing only when # and k have the same
parity.® This gives

_ ( P g\ (D2
() () i
1+”) REl%}; ™ e CHi(y), (60)

in which the sum denoted by (&) is over all positive &
values having the same parity as #; or, by transforming
the indices of summation

1 w
1+ m=0 \ 1+-p

The matrix form of B is obtained almost immediately
from the foregoing. We define the matrix element of C
as the inmer product between normalized Hermite
functions:

(59)

” ol
Z Omt-pt1,m—pi)

p=—m

XCmtoHH, pa(y).  (61)

(62)

== r.}ar y841¢

NA N}

In order to ascertain the properties of H,(y) as an opera-
tor, it is convenient to introduce the destruction operator

D=y/2+d/dy, (63)
whose effect on the Hermite functions is given by
Dhr(y)=rher(3),

and whose matrix element with respect to normalized
Hermite functions is

(64)

h!‘ . h)
D= ( ,D ) =S§§,, a—1e ’ (55)
NF¥ N}
Since
=y/2—d/dy, (66)
we have _
y=C+D. (67)

The matrix characterization of H,(y) then follows im-
mediately from its functional form and from Egs. (62)
and (65), if one substitutes for y using Eq. (67)

H,(y)=H,(C+D).

The important thing about H, is that its matrix ele-
ments with respect to normalized Hermite functions

are tndependent of p.

(68)
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The upshot is that Eq. (61) may just as correctly
stand for the matrix equation giving the matrix ex-
pansmn of B, as for a differential operator equation;
and in this matrix expansion the coefficients an.x and
the matrices C» and H, are independent of He Thus
Eq. (61) corresponds to the desired expansion (7),

provided
=u/(1+n).

5. Fokker-Planck Equation and the
Next Approximation

(69)

We write B for the approximation to B obtained
by terminating the sum in Eq. (61) at m=m,. Then
from the expressions derived in Appendix B we find,
for me=0,

- B LI
) = —n. — 2
Be SVR(ZF(H“))( Cy+C2)

- 'SVR(Z.-G‘"‘I,S)%D'

This stage corresponds to the case m=0, Bo=bo=gogof,
of Eq. (14), and the approximate operator is exactly
factorizable. Being in the form of a negative numerical
factor times —CCt=—CD, it very transparently’ ex-
hibits the negative semxdeﬁmte property. To get the

operator which operates on the true probabxhty density
function, we invert the transformation (43) on’ ‘Bo (,
and D. We find

Deen(3)=-
C: ——— C — =-—---,
exp( 4 P 4 dy
T)pen(3)=r+s

D= - =)D = =y4—.
exp( : exp 2 y+d

B(°)=8VR(E’;(_:;_;‘S)§': (y-i-——-) (73)

which is the Fokker-Planck operator, as promised. Note
the convenience of the form (70), from which it can be
seen by inspection that the eigenfunctions of B®@ are
the k.(y), and that the eigenvalues (also those of B®)
are —8nV g[p/2r(1+4-p) 14

B®, the next approximation to B which would be
obtained by an uncritical inspection of Eq. (61), in-
volves the addition to B® of the operator

(70)

(11)

“and

(72)
Thus

( ) [alsCH 3+0226 *H 2
+auCH 1+ 00CHo . (74)

This must be simplified. From Eq. (68) and the defini-
tions of the polynOmials H,, it may be written as a
function of creation and destruction operators. In the
resulting expression all D operators may be moved to-
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the right of all C operators with the aid of the commuta-
tion relation, and the numerical values of the a,; may
then be substituted. When this is done, we find

. ]
BO= _r
8VR(2«(1+M))
1
x[cﬁ+--—“-(csb-6czﬁz+eﬁs>]. 3)
614u

It. i§ evident by inspection that this expression is Her-
mitian and has Ao(y) as eigenfunction for eigenvalue
zero, as it should. But it is not negative definite, since

- %
(h,.,B<l>h,.)=—sVRN,.(—————" )
25 (14-u)

m
x[n- 112”(”’"1)]’ (76)

which becomes positive for sufficiently large #. Thus the
procedure of Sec. 1.2 must be used.

The construction of a negative semidefinite operator
from B® as given in Sec. 1.2 amounts to ‘“‘completing
the square” of the expression in brackets, Eq. (75), as
follows: Conditions on three constants a, 8, and v are
found such that if

g=aC3+pC2D+-+CD?, (77)
then
R 1 p
C+- -—q) ((?+~ —q 78
6144 614+u {8)

agrees with the operator in brackets in Eq. (75) to terms
of order u/(14u). The conditions are found to be

aty=1

79
- (19)
We thus have arrived at the following operator:
- B }
P
2r(14-u)

<! (7_,_1 _’_‘._[ac'fs-—sc"fb‘+(1—a)c"152]}
1776 144

: { Dots . [aD— 30D+ (1—)0*D] ] (80)
614

This operator, multiplied by [ (1+4u)/p ], agrees with

B, multiplied by the same quantity, to terms of order
u/(1-+u). It is Hermitian, and negative semidefinite
with the transformed [according to Eq. (44) ] Maxwell-
Boltzmann distribution function as its stable stationary
distribution. As a differential operator it is of sixth-
order, and therefore is probably easier to handle in the
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form (80) than in strict differential-operator form. It
does not appear likely that any simpler operator can
furnish an equivalent approximation.

B, is somewhat arbitrary in that the constant a is
arbitrary; only the two Eqs. (79) determine the three
constants a, 3, and v. However, the arbitrariness is in a
term of higher order than that to which the operator is
accurate; when (80) is multiplied out we must, of
course, get

- o 4
B1=-" —SVR(“'—"—“)
2x(14w)

i _
X { OB [ C*D—6C2D*+CD¥]
614pu

2
+~1—(—‘“—-) [a0—3C"D+(1—a)CD?]
36\ 144
X[aD*—3CD+(1—e)C2D]}, (81)

in which the term inside the braces with coefficient
#/(14u), which is the first correction term, is inde-
pendent of «. However, the higher-order term in braces,
which has coefficient [u/(14p)]?, will not, except by
coincidence, agree with the term of like order in the
exact operator B, no matter what the value of a, since
the former is in_general only part of the term in the
exact operator. By is, however, not meant to be accurate
to this order (this higher term in B; would not be accu-
rate even if there were no arbitrariness), and computa-
tions should not be carried beyond terms which are
determined by the p/ (14p) term in braces in (81). Then
the arbitrariness due to the indeterminateness of « will
play no part in the results.

It should not be concluded, from the fact that the
[u/(14u) P term in braces in (81) is to be disregarded
where it affects computational results, that it can be
dispensed with. By ensuring negative semidefiniteness
it prevents runaway solutions; without it, probability
modes %.(y) of very large r value will grow indefinitely
in amplitude. It is to be expected that, when used in the
proper range of deviations from equilibrium, B; will
yield nonarbitrary results. The term which contains the
arbitrariness must be included to prevent the intrusion,
into solutions of the approximate equation, of spurious
effects.

The arbitrariness due to a does not affect the possi-
bility of constructing a sequence of approximations to
B. As constructed according to the prescription in
Sec. 1.2, [(14-u)/p By will always be correct to order
[&/ (14u)]7. Thus in B; the error due to « will be made
good, although a new error will be introduced in a term
of higher order.

The results obtained will now be considered in relation
to Brinkman’s assertion that the condition (23) requires
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that all @, vanish for #>2 (our a,=Brinkman’s x,,). In
the first place, the fact that F decreases when P(V,f)
obeys the linear Boltzmann equation, as proved in Sec.
L5, makes it impossible from our point of view to agree
with this conclusion, since the linear Boltzmann operator
in general has nonvanishing derivate moments of all or-
ders. However, in any case, what we have sought is an
approximation to an operator which in its exact form
does satisfy the requirement. If this operator can be ex-
panded in powers of u/ (1), then it is clear that suc-
cessive approximations to its effect on P(V,f) can be ob-
tained by breaking the series off at successively higher
terms, and that these approximations might be useful
- even if they did not satisfy some of the requirements the
exact operator satisfies.

III. MORE GENERAL SYSTEMS

The above work can be generalized to other linear
Boltzmann operators in the following two ways: by
leaving the a.: general, and by suppressing explicit
reference to the expansion parameter u/(1+4u). In the
following sections we take up these two modes of
generalization successively.

1. Case of General a,;

The @ux are not mutually independent. Let us write
the expansion of B in the form

3 n
= g \le 7/ om
B= VE( Z (——) Bm.
14+p/ m=o\1+4pu
Each b» in (82) must end in a destruction operator in
order that ko(y) be a stable equilibrium solution. In the
case m=0 we have, from Eq. (61),
bo= [au(z*y-_l- 020_(72]
=[anC(C+D)+a:C?]. (83)

The stable equilibrium condition here requires that the
coefficient of C? vanish, or

(82)

(84)

This is, of course, just the classic relation between vis-
cosity and diffusion coefficient discovered by Einstein.*

A similar relation can be found in the next order:
After bringing D operators to the right in all terms,
we have

by= (@15 @22+ a51+040) C*+ (Bars+ 2000+ asx)ch
+ (30154 a22)C?D*+-a1,CD%.  (85)

The condition that this annihilate Ao(y) is that the
coefficient of C* vanish:
@15+ ast+as+a40=0. (86)

In this case another restriction on the a@.x must be
satisfied too, in order that b; be Hermitian. Namely, the

2t A Einstein, Ann. Physik 17, 549 (1905).

Q0= —a11.
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coefficients of C*D and of CD® must be equal:
3a1g+2a2+an=0a1. (87)

With Eqs. (84), (86), and (87) we can eliminate @2,
a31, and a40. When this is done, we obtain

e\ _ B -
BY=Vp (—"‘-‘) {0110D+-——[¢11303D
1+p 14u
+(3a13+@Qé"’ﬁ’-}-amC’Eﬂ-}-o(————“ )’ (88)
1+nu

In the Rayleigh process the @i are known, and in fact
the relations derived above can be verified for the ex-
pressions given in Appendix B. However, Eq. (88) may
also be applied in the following way. Suppose thermal
fluctuations are to be studied beyond the range where
linear friction applies, in some system whose linear
Boltzmann operator is unknown, but in which the fol-
lowing hypotheses may be justifiable: (a) The (un-
known) linear Boltzmann operator is expansible in terms
of some parameter analogous to u/(1+u), and (b) the
successive derivate moments are expansible in Hermite
polynomials. This amounts to saying that the random
process involved is mathematically of the same type as
the Rayleigh process. Equation (88) or its equivalent
then tells us that in order to study the random process
in a consistent way with inclusion of the ¥? term in the
friction (i.e., in the first derivate moment), it is suffi-
ceint to know just the coefficient of this term and 'that
of the V2 term in the noise, i.e., in the second derivate
moment ; the remaining relevant coefficients as; and aao,
which appear in the third and fourth derivate moments,
being determined by the former two.

As in Sec. IL5, a negative semidefinite operator agree-
ing with B® to order [u/ (1+u) ¥ can be constructed by
completing the operator absolute-square. The result is

3
B,= (”’L) VR{ du*c"“ﬁ"al{'}
14+p 14+u
X [aC+} (313-+022) 02D+ (13— ) CD?] }
X { a’D +"f—'a1 [aD?4-1(3a15+a20)CD?
1+
+@u=a)0D]. (69)

2 Carried out to its second term, the expansion of 4, is

(A4-p) u
Ai(y)= anHi+——ayHy -+
B 14
(A+p) “
- ouyt—au(*—3y)+-- - }.
& 14a

If pk1, the Hy contribution will not come in until y*~1/p, and
then the —3y term will be negligible compared to . Similarly
with all higher H contributions. If they contribute significantly
at all, the highest power in them will dominate, Thus when u<1
the Hermite expansion will not be appreciably different from‘a
power series, And this will, of course, hold for the expansion of
any derivate moment.
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2. Suppression of the Expansion Parameter

Let us put

u 1/4
— ) an?
1+u

M 5/4
kz = ('_") (111_§a
14+u

k1=

(90)
u 5/4
k3= (——) 301174 (30154022)
14u
n 5/4
k4= (——) 011—5((113—a).
1+u
Then
By=Va[k,C+ ko4 E:C2D+£.C D7)
= [k D+ ks D3+ £, CD*+ R4 C2D ] (91)

This form of B; would be usable, if valid, for a system
not possessing an expansion parameter, or for which
this parameter was unknown. In the absence of as yet
unsuspected restrictions, the four &’s of Egs. (90) are
mutually independent; they certainly are so for the
Rayleigh model, since a, @11, @13, and a¢; are independent.

The form of the operator of Eq. (91) with arbitrary
k’s 1s sufficient for negative semidefiniteness. Let us try
to define the conditions under which it is also necessarily
the next negative semidefinite approximation after the
Fokker-Planck operator. In terms of a,r, the kth Her-
mite coefficient of a,(y), Eq. (61) reads

- 0 miley ,m—. -
B=3 X MCMWlH

w0 p=0 (m+p+1)! mptr(3).  (92)

This is a perfectly general formal expression for any
linear Boltzmann operator, since it may be derived
without any further assumptions from Eq. (37). If the
equilibrium distribution of y is Gaussian, exp(—3%/2),
sufficient conditions on anx/#! in order that B be Her-
mitian and promote stable equilibrium are the same as
Eq. (84) for the ani/#! with n4+k=2, and the same as
Eqgs. (86) and (87) for those with #-+%=4. To prove
these conditions necessary as well, a variable expansion
parameter analogous to p/(14u) is needed, in order to
make possible the device of setting the coefficient of
each power of the parameter equal to zero. However, in
the spirit of a phenomenological approach it may be
justifiable to hypothesize the existence of such a pa-
rameter, when definite knowledge about a given system
is not available. Assuming the hypothetical parameter
to be small as well—as would be reasonable for any
macroscopic variable which fluctuates due to molecular
impulses or contributions—Eq. (91) would then be the
most general form for the indicated approximation.

ARMAND SIEGEL

ACKNOWLEDGMENTS

This work is the outgrowth of a problem suggested to
the author by Professor George E. Uhlenbeck, whose
friendly and stimulating advice has moreover been
invaluable throughout its course. The author wishes also
to thank the John Simon Guggenheim Memorial Foun-
dation for the grant of a fellowship for the period
1957-58, during which roughly the first half of the work
was done, while on leave from Boston University.

APPENDIX A

Derivation of the Transition Probability
for the Rayleigh Model

We here evaluate the function C(y”|y") of Eq. (3(?)
in the text. To do so we first work in terms of the ordi-
nary velocity V. Let

C(V"|V')=probability density-in-V’' per unit
time that a particle with given
velocity ¥’ undergoes a collision
which changes its velocity to V”
(“transition probability” from V'

to V). (A1)

Let v stand for the component of velocity of a mole-
cule in the direction of the constrained motion of the
particles (note that v therefore does nof stand for the
speed of the molecules). Given a particle with initial
velocity V, and assuming the distribution (31) for the
vector velocity v, the probability density-in-v for a
collision of the particle with a molecule having velocity
component (in the foregoing sense) v, per unit time, is

Apfo(®)|V—1], (A2)

if A is the area of the disk of the particle, p the spatial
density of molecules, and fo(v) the one-dimensional
Mazxwell-Boltzmann function

Jo(v)= (2moe?)* eXp( - 212;)

VR

(A3)

The fraction of all disks which are knocked out of the
infinitesimal range dV at V by molecules in dv at v is,
per unit time,

Apfo(0)| V=] P(V)dwaV, (A4)

where P(V) is the velocity probability density of
particles.

The coefficient of dodV in (A4) is the probability
density-in-v-and-V, per unit time, of the process de-
scribed. However, for use in Eq. (35) we require the
transition probability between two values of ¥, namely,
V’and V" (ultimately, 4’ and ”). These may be related
to v and V by the dynamics of the collision, as follows:
Let

V'=V. (AS)
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Assume that molecules are reflected specularly from the
disks; then V', V" are related to the variables V, » by
- Eq. (AS) and by

m
V'—V'=2—(@w—V) (A6)
1 +p,
where
p=m/M. (A7)

To obtain a transition probability for V' — V"’ from
the expression (A4) one must (a) write this expression
in terms of ¥’ and V"’; (b) make it a probability density
in ¥’ and V" by multiplying it by 8(z,V)/a(V', V")
= (14u)/2u, and (c) divide by P(V’) to obtain a proba-
bility conditional in V’. In this way one obtains

Ty b -
(| V’)zAp( ”) fo( Sy "V')
2u 2u 2u

V).

VT=V'|. (A8)

An expression formally the same as this would be ob-
tained if the gas were linear instead of three-dimensional,
with the particles on a line with the gas molecules, and
if every encounter between a particle and a molecule
resulted in a collision. The latter is the model originally
introduced by Rayleigh,* and the present one is mathe-
matically equivalent to it.

Now transform to the variable y [Eq. (33)]. Writing
C(y"|y") for the transition probability per unit time
for the event ¥’ — 3"/, which is a probability density in
4", we shall have

C(y}l‘yl)=c(vff§Vl)dV!f/dyI? (Ag)

(in this equation the C’s stand for transition proba-
bilities with respect to the arguments in their respective
parentheses; since the arguments are different random
variables on the two sides of the equation, the C’s on the
two sides are not meant to be the same functions). Put

Ap=1, (A10)

since this combination of constants plays no further
part in the analysis. Equation (A9) applied to Eq. (A8)
then gives Eq. (36) of the main text.

APPENDIX B

We here evaluate the Hermite expansion coefficients
of Aa(y). From Eq. (58) and the normalization constant
of the Hx(y),

1
(2m)ik!

Anp=

f eXP(“ ’—:)Hk<y)An<y)dy. (B1)

We utilize the generating function of the Hermite
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polynomials,

2 o H
exp(—— f2—+zy Z P (y)

(B2)

whence 4,; is the coefficient of z* in the power series
expansion of

2

1= f exp( - 32- - —2—+zy)An<y>dy

y? 22
2t
(55

X f dx exp[-— g(x+y)2]x"!x[dx. (B3)

21m !

Inverting the order of integration, it is possible to
integrate immediately over ¥, using the formula

f ) exp(—ay’—by)dy= (-:E)i em(g)- (B4)

-0

This gives

2n ﬂzz
I(y=— _
® [21r{1+u)]*n!f exp( 21+)
uzx

1+;.c) ( W)x”lxldx (BS)

But here we recognize, in the first exponential in the
integrand, the generating function according to formula
{B2) of the functions

3
m
o(-f2])
1+p
From this it follows that

(— e
-[21r(1+u)]*nzkx(1+p)

J eXp(— 2(1+u)x2)ﬂ"
X([l—_‘;-;]éx)x"lx[dx. (B6)

Changing to [/ (14u)J#x as variable of integration,
(_1)k2n / ” {b—n—2) /2
(2 (14u) ] !k!\l—i-p)

X f exp(- g)ﬂg(x)x"lx}éx. (87)
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The integral can be simplified as follows:

wexp —-—xj H(x)x"|x|dx
[ eo(-3)

=fw[(—1)"+’°+2+1]H),(x) exp(— —Z—z)x”“dx

% xz
=2 f H,(x) exp(- —E)x”"‘ldx, if n+k even
0

=0 if n4k odd. (B8)

The dependence on parity of n+% agrees with the fact
that A,(y) is even or odd according to the parity of »
(cf. footnote 20).

The integral in (B8) is

© 22
J=f H(x) exp(— ;)x"'“dx
[

=£wxn+1(— i)k exp(— -g;-z)dx (B9)

Ii k<n+1 we integrate by parts & times to get

N 22
J=(n+1)n- --(n—k+2)J gkt exp(—- E)dx
(n+1)! Y

Y (B10

(k=n+1),
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where the double factorial N !! is defined by
N!=N(N-2)(N—4)---3-1 (&N odd)

=N(N—2)(N—4)---4:2 (N even), (B11)
and, by convention, 0!!=(—1)!l=1.
If £>n+1 we integrate by parts #-+1 times:
d k—n—2 x.z L]
rmwenf-(=3) " e(=3)],
= (n+1) Hi—n—2(0)
= (—1)=-212(n41) |(k—n—3)!], (B12)

the last form being obtained by adapting, to our defini-
tion of Hermite polynomials, formula (13.15), Sec. 10,
of Higher Transcendental Functions [edited by A. Erdé-
lyi (McGraw-Hill Book Company, Inc., New York,
1953), Vol. I1].

If we combine the foregoing results, we get

u 22
Ank= (1+“)_*(I+—p‘) a”k’ (Bls)
with
(—1)* 2ntl n+1 (ESn+1) (B14)
nk=\" <n
Ak (20)} B (n—E+1) 1!
=(—1)<n+lr+2)/22”+l (n+1)(k~n—3)!!
(2m)? k1
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A new derivation of Mayer’s classical density expansion for the pressure of an imperfect gas based on a
c'lassiﬁcation of cluster graphs according to topological criteria is presented. The classification is a generaliza-
tion of the classification of simple trees into trees with centers and trees with bicenters.

ECENTLY, a number of significant advances in
the theory of many-particle systems have been
made by the method of summation of infinite subclasses
of terms in series defined by diagrams. Perhaps the
classic example of such series are Mayer’s cluster ex-
pansion! for thermodynamic properties and distribution
functions in nonquantum equilibrium statistical me-
chanics. Since Mayer’s graphs are simpler and more
purely combinatorial objects than the Feynman-type
graphs? which occur in quantum perturbation theory, it
is illuminating to go back and look at the classical
version of some of the combinatorial problems of the
quantum theory of many-body systems. In the course of
just such an investigation the author has come upon a
new derivation of Mayer’s density series for the pressure
which is the classical analog of a rearrangement of the
quantum perturbation expansion for the grand partition
function of a bose gas.® This derivation is expounded
here for its own sake as well as for the light it throws on
the quantum problem.

Of the many derivations of Mayer’s density series,*
the present one is most closely related to Salpeter’s, but
unlike his, it gives directly an expansion for the pressure
rather than the chemical potential. Like Salpeter’s, the
present derivation does not require the evaluation of a
complex numerical combinatorial factor but relies rather
on certain topological properties of cluster graphs. The
essential part of the present derivation is a theorem, to
be demonstrated below, which shows that each reducible
cluster can be considered to be built upon a foundation
which is either an irreducible cluster or a point.

Mayer has given the following expression for the
logarithm of the classical grand partition function of a
monatomic gas or, what is the same thing, PV/kT:

PV_ [,,+z'°i" r Hf,-,d(i)-~'d(")], (1)

ET n=2 g! all clusters of

n particles

* Permanent Address: National Bureau of Standards, Washing-
ton 25, D. C.
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where z is the “active’” number density or activity,
fij=exp—u(|xi—x;[)/kT—1,

u(|x;—x;|) is the intermolecular potential between
molecule ¢ and molecule j, P is the pressure, V is the
volume, T is the temperature of the gas, and % is
Boltzmann’s constant. (1)- - (%) is an abbreviation for
X;** *Xa, d(1)- - -d(n) is an abbreviation for dx;- - -dXn.

The product of I1f;; contains a number of factors f;;
with indices 44 taken from the set 1- - -»n. Every term on
the right in (1) corresponds to a diagram consisting of
points labeled 1. -, connected pairwise by a number
of arcs. For every arc joining points, say k1, in a particu-
lar diagram, a factor fi: appears in the corresponding
terms of the series. In mathematical terminology a
diagram constructed in this way is called a graph with
labeled points. The second summation on the right is
over all products f;; whose corresponding graph is a
cluster, i.e., a connected graph in which no pair of points
joined by more than one arc.

In what follows, we shall also need the activity series
for the number of particles:

gntl

N=PV= V[z +3

n=1 p!

> fme@ aern] o
all clusters of .
n-1 particles

We consider now two particular clusters for the
purpose of illustrating a number of definitions and
simple theorems about graphs. (We use the terminology
of Ford and Uhlenbeck.5) Points such as 10 in Fig. 1(a)
are called articulation points. The removal of 10 to-
gether with all arcs joined to it divides the graph into
two disjoint parts. This is not true, for instance, of 12,
which is therefore not an articulation point. A connected
graph without articulation points is called a star. [Thus
10-12 and 4, 5 are stars.] An arbitrary cluster is
divided by its articulation points into a collection of
stars. Thus the articulation points 2, 3, 4, 6, 8 in
Fig. 1(b) divide it into the stars (12), (23), (346), (45),
(687), (89). Conversely, any cluster can be considered
as a collection of stars joined together at articulation

5 G. W. Ford and G. E. Uhlenbeck, Proc. Natl. Acad. Sci. U. S.
42, 122 (1956).
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@ F16. 1. Two representative
clusters.

(v)

points, and from this point of view the cluster is called
a star tree. A star tree with one point singled out is
called a rooted star tree, and the singled-out point is
called the root. A star tree may consist of a number of
branches disjoint except for the root. If in Fig. 1(b) the
point 3 is designated as the root, we obtain a rooted star
tree with two branches, (123) and (3456789).

A cluster may be considered to be made up in a
number of different ways of stars, rooted star trees, and
branches joined at articulation points. For each such
way, the corresponding integral can be written as a
product of integrals referring to the component stars,
rooted star trees, and branches. This is a consequence of
the fact that f;; depends only on the distance |x;—x;/,
which is, indeed, what makes graph-theoretic concepts
important in the theory of cluster series. Thus, the
integral corresponding to Fig. 1(b) may be written

ff12fz3f34f36f46f45fs7f68f87f89d(1) .t -d(9)
= [ 1 [ et [ 1) [ (9
X f Fufufud B)d@)X f FofufedMd@®). 3)

Alternatively, this same integral may be considered to
be the product of an integral referring to one of the
stars in Fig. 1(b) and integrals referring to each one of
the rooted star trees which are attached to this star
through articulation points.

It is perhaps obvious from the principle illustrated by
(3) that it should be possible to express (1) and (2) in
terms of integrals referring only to stars. It is not so
obvious, however, that these equations attain their
simplest form when expressed as a power series in the
density. As is well known, the result of reexpressing (1)
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in terms of integrals referring to stars (irreducible
cluster integrals in Mayer’s terminology) is the density
series for the pressure, which may be written in the

form
PV/kT=V (o+S—pd8S/dp), “)

where p is the average number density and
o p"
VS=X — ¥

n=2 g} all stars of
# points

f II fd(D)---d(m).  (5)

The appearance of a power series in p rather than zin
which the coefficients are determined by stars rather
than by arbitrary clusters becomes less surprising when
it is noted that the series in (2) for p is essentially a sum
over rooted star trees and that any cluster may be con-
sidered to be a star with a number of rooted star trees
attached to it. The difficulty with this last point of
view, however, is that in general a cluster can be
represented as a star with a number of rooted star trees
attached in several different ways. We show now that all
clusters can be divided into two classes. For every
member of the first class there is a certain star which
has a special right to be the basis upon which the cluster
is built by attaching rooted star trees. For every member
of the second class there is a special point from which the
cluster is built by adding branches.

Consider again Fig. 1(b). There are three stars (89),
(45), and (12), which are attached to the remainder of
the graph by only one (articulation) point. Let us re-
move these stars and obtain Fig. 2(a). This graph has
two stars, (23) and (678), attached by only one point.
Removing these, we obtain the star (436) in Fig. 2(b).
Figure 1(b) can thus be considered to be constructed
from the fundamental star (436) by the attachment of
the rooted star trees (321), (45), and (6879). We will call
the process of successive removal of all stars attached at
only one point the reduction process. It is essential that
all stars containing a single articulation point be com-
pleted before the new graph is examined and the process
is applied again. The reduction process applied to the
graph in Fig. 1(a) yields the graph in Fig. 3(a) after two
steps, while the final step yields simply the point 5. This
graph may thus be considered to consist of the two
branches (1---5) and (5---12) joined together at the
point 5.

F16. 2. The reduction of Fig.
1(b); (a) the first step; (b) the
@) second step.
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That the reduction process can be applied to any
reducible cluster and will result in either a star or a point
after a finite number of steps follows from the fact that
if a graph has an articulation point, there is at least one
star attached to the remainder of the graph at only one
point. If the result of the process is a star, we will call
the star the fundamental star and if a point, the funda-
mental point. Any graph can thus be considered to be
built of a fundamental star with a number of rooted
trees attached or of a number of branches joined at a
fundamental point.

The question immediately arises: What is it that
distinguishes the fundamental star or fundamental point
from all other stars or points of a graph? This question
can be answered by introducing the notion of order of a
rooted star tree. The order of a star tree is the number
of steps in the reduction process required to reduce it to
a point. Now if a graph has a fundamental star, the
order of no one of the attached rooted star irees is greater
than the order of all of the others, and if a graph has a
fundamental point, the order of no one of the atfached
branches is greater than the order of all the others.
Suppose, for instance, that a graph with a fundamental
star has an attached rooted star tree of the order =
greater than the order of all the others. After n—1 steps
in the reduction process, all the other rooted star trees
will have been reduced to points, while the given one will
have been reduced to one or more stars attached to the
fundamental star at one point. If this is so, however, the
reduction process correctly applied one more step should
have resulted in a point, which contradicts the hypothesis
that the graph has a fundamental star. On the other
hand, if a graph with a fundamental point has an
attached branch of largest order, at the (r—1)th step,
all other attached branches except the maximum will
have been reduced to a point, while the maximum will
have been reduced to a star. Again this contradicts the
hypothesis that the graph has a fundamental point
since, if the reduction process had been correctly
applied, it would have yielded a star at the (z—1)th
step. It is easy to see that if a graph has a star with the
foregoing property, no other star has the foregoing
property, nor does it have a point with the foregoing
property; and if a graph has a point with the fore-
going property, it has no other point with the fore-
going property, nor does it have a star with the
foregoing property. Thus we have thefollowing theorem :

AL clusters can be divided into two disjoint classes, those
with a unigue fundamental point, and those with @ unique
fundamental star. If a graph has a fundamenial point, no
branch attached to this point has an order grealer than the
rest. If a graph has a fundamental star, no rooted star lree
attached to this star has an order greater than the rest.t

6 The notions of fundamental star and fundamental point of a
star tree are generalizations of the notion of center and bicenter of
a simple tree. See D. Konig, Theorie der Endlichen und Unendlichen
Graphen (Chelsea Publishing Company, New York, 1950), Chap.

5. A similar, but not identical, generalization has been made by F.
Harary and R. Z. Norman [Ann. Math. 58, 134 (1953)1.
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10
F16. 3. The next-to-last step in the
reduction of Fig. 1(a5‘. -
6

With this theorem we are in a position to reexpress (1)
in terms of star integrals. Consider a particular term on
the right in (1) corresponding to a labeled cluster which
has a fundamental star o and attached rooted star trees
71, T2, * - 7r. Let m be the number of points in ¢ and
my- - +m,, the number of points besides the root in
71- - - 7. The total number of pointsis n=m-+ny4-- - - m,.
There will be a number of other clusters differing only in
labeling which yield the same contribution. We compute
the contribution of all clusters identical to the given one,
except for labeling. We suppose that in the given cluster
the fundamental star is labeled with the integers 1- - -m,
while 7y-« - 7, are labeled with integers taken from the
sets (mi)--- (m,). The operation of summing over all
labelings of the given graph can be written as the sum
over all labelings which do not interchange labels among
oand - - - 7, times the number of ways of choosing sets
of m,m,- - -m,integers out of nintegers (=n!/my!- - -m.,l).
Thus we have for the contribution of the given cluster
and all its relabelings

1
> f Fid(1)- - d(n)

Imqle - all labelings of ¢
s s with integers 1---n

r
XII
s=1 all labelings of 7
with integers taken from (m,)

11 uatm, @

where d[m, | is the product of volume elements for all
molecules of the sets [mz, ].

We now sum over all clusters which have the same
fundamental star as the given cluster. All such clusters
can be built up by attaching various collections of trees
to the points of the star. The trees, however, may not be
added independently. We must be sure that there are at
least two of maximum order, otherwise the given star
will not be the fundamental star of the cluster.

In order to find the total contribution to (1) from
clusters with fundamental stars, it is most convenient
first to compute the sum without regard to restrictions
in adding chains and then to subtract the superfluous
contributions. The sum without regard to restrictions is

vs=% = = [II5:a00)---dtm), M
m=2 ! all stars
zn-H
p=zt+2 —
n=1 p!
X 2 II f:d(2)- - -d(n+1). (8)
all rooted star

trees with root 1
from points 2+« n 41
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Any point of the star o may have either no rooted tree
attached, corresponding to the first term on the right in
(8), or an arbitrary rooted tree, corresponding to one of
the second group of terms. Since we allow trees to be
attached independently, the sum of products is the
product of the sums. Since there is a one-to-one corre-
spondence between labeled rooted star trees with root 1
formed from n-1 points and labeled clusters formed
from n-1 points, (8) is simply another form of (2), and
p is, in fact, the number density.

The contributions to be subtracted are those from
clusters formed from o (which is, of course, no longer the
fundamental star of the cluster) by attaching a number
of rooted star trees, one of which has greater order than
the rest. If s is the (articulation) point at which the tree
of largest order 7, is attached to o, the remaining trees
7:(175) together with o, form a branch 8 whose order is
almost equal to that of r,. The contributions to be
subtracted may thus also be characterized as those from
clusters formed by joining a branch of order p to a
rooted star tree of order ¢ with p<gq.

We turn now to the contributions to (1) from clusters
with fundamental points. These are formed by attaching
a number of branches at a point, taking care that at
least two branches have order greater than the rest.
Again, it is convenient first to compute the sum without
restrictions, then to subtract the superfluous contribu-
tions. It is easily seen that the unrestricted contribution
together with the first term zin (1) is simply p as given
by (8). The contribution to be subtracted is that from
clusters formed by joining one or more branches ;- - -8,
to a common root such that one, say 3, has order p
greater than the rest. The remaining branches 8; (Z5s)
form a tree of order ¢ with p>¢. The case in which 8, is
the only branch must also be included. If we call a point
a tree of order zero, the above superfluous contributions
may be described as those arising by joining a rooted
star tree of order g and a branch of order p with p>¢>0.

We see now that the two collections of superfluous
contributions complement each other. Together they
comprise contributions from all graphs formed by
joining a branch and a tree to a common root with no
restrictions on the order of the branch or the rooted tree.
It may be remarked that in general a given cluster
appears several times in this collection. A cluster ap-
pears, in fact, as many times as the number of ways it
can be constructed by attaching a tree and a branch ata
common root.

We consider a particular labeled cluster formed by
joining a particular branch 8 with a root 1 and re-
maining points labeled with integers 2---»-+1, and a
particular tree 7 with a root 1 and remaining points
labeled with integers #-+-2, - - -, n+m--1. The contribu-
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tion of this cluster together with all distinct clusters
derived by permutation of labels among points within
the rooted star tree and branch may be written

14 2 II f:d(2)- - -d(n+1)
all labelings of 8
with integers 2.+ -u-+1

2 II fid(n+2)- - -d(ntm+1). (9)
all labelings of =
with integers
n+2:m4m+1

On multiplying by the number of ways of choosing #
integers to label the points of the branch, m integers to
label the points of the rooted star tree and one integer
to label the common root, and summing over all
branches and rooted star trees, we obtain for the total
superfluous contribution

o an
vE T = [T dtt)

n=1] all gl

“branches
) gm+l
X (z+ 2z > —_—
m=1 all rooted star trees gy

with root 1 and other
points 242 - -n+m+1

X f I1 fod(nt-2)- - -d(nt-m+ 1)). (10)

(The term z in the parentheses corresponds to “rooted
star trees of order zero.”)

We immediately note that, by (8), the second factor
in (10) is simply p. We can eliminate z from the first
factor by using the representation of a branch implicitly
used in the foregoing: every branch can be represented
in one and only one way as a rooted star (i.e., a star
with a marked-out point) with a number of rooted star
trees attached at points other than the root. With the
aid of this representation, the first factor in (10) can_be
represented as a sum over rooted stars:

00 n

all rooted stars with 4!
root 1 and points 2+ -+ 41

a=1

X [T 1@ --dwt ). (1)

Finally, we note that (11) is simply VpdS/dp and that
the total quantity to be subtracted is VpdS/dp. Thus.
we have (4) for PV/kT.



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 1, NUMBER 5

SEPTEMBER-OCTOBER, 1960

Zero-Point Energy of an Electron Lattice*

RosEMARY A. COLDWELL-HORSFALL
Department of Physics, University of Maryland, College Park, Maryland

AND

ALEXEI A. MARADUDINT
Institute for Fluid Dynamics and A pplied Mathematics, University of Maryland, College Park, Maryland

(Received May 27, 1960)

At very low densities an electron gas in a compensating uniform background of positive charge crystallizes
into a bee lattice for which the correlation energy per electron is (—1.792/r,) ry. At higher densities the
first correction to this result arises from the zero-point energy of the electrons, which can be expanded in
terms of the even moments of the frequency spectrum. We have computed the first five nonvanishing
moments and have estimated the contribution to the zero-point energy from the remaining moments using
their known asymptotic behavior. This procedure leads to the value (2.638/r,}) ry for the zero-point energy
per electron. The low temperature specific heat per electron is found to be 56.21kr,2. (kT)3 ry. The range

" of r, values for which these results should be valid is discussed on the basis of Lindemann’s melting formula.

I. INTRODUCTION

N 1934, Wigner, in a study of the effect of electron
interactions on the energy levels of the electrons in
a metal! stated that as the density of an electron gas in
a compensating uniform background of positive charge
tends to zero, the Coulomb interactions dominate the
kinetic energy of the electrons and they arrange them-
selves in the configuration of lowest potential energy,
probably a bcc lattice. In 1938, he presented a quan-
titative treatment of this problem.? He calculated the
energy of a lattice of electrons in a uniform background
of positive charge on the assumption that the potential
at any electron is that due to a uniform sphere of
positive charge surrounding it. The radius of this sphere
r, measured in units of the Bohr radius, was chosen to
be such that the volume occupied by one electron is
4xrl. This simple electrostatic calculation yields an
energy per electron which is proportional to 7,1 A
careful calculation by Fuchs® of the static energies of
monovalent ions arrayed in the three primitive cubic-
lattice structures in a compensating uniform background
of charge, showed that for a given number density of
ions the bcc structure has indeed the lowest energy,
with the fcc and simple cubic structures having higher
energies in that order. When he took into account the
oscillation of the electrons about their lattice points,
Wigner obtained a correction to the static energy which
is proportional to r,~%. The value of this energy given
in the text of Wigner’s paper is 3»,~% ry, which is that
obtained in the Einstein approximation in which each
electron is assumed to vibrate independently of all the
others. However, in a footnote to this paper Wigner
mentions that when one takes into account the coupling
* This research was supported by the U. S. Air Force through
the Air Force Office of Scientific Research, Air Research and
Development Command. .
1 Present address: Westinghouse Research Laboratories, Beulah
Road, Churchill Borough, Pittsburgh 35, Pennsylvania.
1 E, P. Wigner, Phys. Rev. 46, 1002 (1934

2 E. P. Wigner, Trans. Faraday Soc. 34, 678 (1938).
3 X. Fuchs, Proc. Roy. Soc. (London) 151, 585 (1935).

between the displacement components of the electrons,
as in the theories of Debye,* and of Born and von-
Karman,® the wvalue 2.7r,%ry is obtained. Since
Wigner’s 1938 paper no detailed calculation of the
zero-point energy of an electron lattice has been
published. At the time of writing, however, we have
received a report of the work of Carr® in which the value
2.66r,~% ry is given for the harmonic contribution to the
zero-point energy. Carr obtained the zero-point energy
of a bec lattice of electrons by numerical integration,
having first calculated the normal mode frequencies of
the electron vibrations at 512 points in the first Brillouin
zone.

Here we apply the moment-trace method? to the cal-
culation of the zero-point energy of a bcc lattice of elec-
trons in a uniform background of positive charge. In
Sec. II we express the zero-point energy as an expansion
in all the even moments of the frequency distribution
function of the normal modes of vibration, and show
how the asymptotic behavior of the moments may be
used to sum all terms past the few that can be deter-
mined explicitly.

In Sec. IIT we obtain the dynamical matrix of the
lattice from the equations of motion of the electrons.
We evaluate the first five even moments of the fre-
quency distribution function in Sec. IV, and we use
these results to obtain an estimate of the contribution
to the zero-point energy from the remaining moments.
In Sec. V we discuss the range of values of 7, for which
our result may be expected to be valid, using essentially
Lindemann’s melting-point formula as a criterion for
the stability of the electron lattice.

4 P. Debye, Ann, Physik 39, 789 (1912).
155(1}%1?fm and Th. von-Karman, Physik. Z. 13, 297 (1912); 14,

8 W. J. Carr, Jr., Scientific Paper 6-40601-1-P2, Westinghouse
Research Laboratories (December 31, 1959); and private com-
munication.

7E. W, Montroll, J. Chem. Phys. 10, 218 (1942),
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II. ZERO-POINT ENERGY

We begin this section by introducing the distribution
function g(w) for the normal mode frequencies of our
electron lattice. g(w) is defined in such a way that
g(w)dw is the fraction of normal modes with frequencies
in the interval (w, w+dw) in the limit as dw— 0. The
moments ., of this distribution function are defined by

iy f wg()de, @1

and the fact that w, is the maximum normal mode
frequency follows readily from Kohn’s sum rule.

The squares of the normal mode frequencies are the
eigenvalues of a secular determinant D. It is well known
that the trace of the nth power of D is equal to the sum
of the nth powers of its eigenvalues, or

TrD"=3; 3 x w?"(k),

where j labels the branches of the frequency spectrum
and k labels the frequencies in each branch. If we
divide both sides of this equation by 3NV, where N is the
total number of electrons, since there are 3V normal
mode frequencies, we have

(2.2)

1 1 :
— > ¥ wpr(k)=pg,=— TrD", (2.3)
prep il T

73
Ey=-2 % wi(k).

2 7=l k

(2.4)

With the use of the distribution function g(w), Eq. (2.4)
can be written as

3N# per
Eo = f wg (w)dw.
2 o

If we define a dimensionless distribution function f(x)
by

(2.5)

F(@)=wpg(wpm), (2.6)

the zero-point energy per electron can be written as

Eo 3hw,

In terms of f(x) we can define dimensionless moments
u, by

Kn 1

Yy =—= f 2" f(x)dx, (2.8)
wp” 0

and we see that

Eo/N= (3hwp/2)ur. (2.9)

A. COLDWELL-HORSFALL AND A. A. MARADUDIN

Since the moment-trace method gives only the even
moments #s,, We have to express #; in terms of the
even moments. This is done by writing®*®

= f 1= (=) Pf )

=é(_1)n(i)fol (1—a)"f(@)dz.  (2.10)

We now define new dimensionless moments vz, by
1 » n
7)2n=f (1= f(x)dx=32, (—1)1'( ')Ugj. (2.11)
0 =0 J

In terms of these moments, %; becomes

4y =109~ 32— §0s— Tgve— (5/128)vs— - - -

Since the 7,, are all positive we see that breaking off
the expansion (2.12) at any term yields an upper bound
for u,.

In practice, we can calculate only the first few
moments #;,, and hence only the first few moments ;...
We must therefore estimate the contribution to Eo/N

from the sum
- 3
£ 0o
ne=k n

when all the moments up to ver_s are known explicitly.
In general, the low-frequency expansion of the fre-
quency distribution function f(x) has the form

(2.12)

(2.13)

J(x)=co®Fcaxttcox®4- - -, (2.14)

It has then been shown?® that the asymptotic behavior
of the 9y, in the limit of large # is given by

aP@T(+1) | TP (n+1)
T T 2 Tk

¢ T (T (n+1)
2 T(nt+9/2)

If this result is substituted into Eq. (2.13), the sum-

(2.15)

mations over # can be carried out in closed form, and

8 C. Domb, A. A. Maradudin, E. W. Montroll, and G. H. Weiss,
Phys. Rev. 115, 24 (1959).
9 C. Domb and L. Salter, Phil. Mag. 43, 1083 (1952).
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we obtain

2 C2
—1 n gy —
Ek( ) (n)v 4(2k—1) (2k+1)
(2

 2(2k—1) (2k1) (2k+3)
15 Ce

8 (2k—1)(2k+1) (2k+3)(2k+5)

(2.16)

Our final expression for the zero-point energy per elec-
tron becomes

I )
N 2 wl " 4@k—1)(2k+1)
Cq
T 2(2k—1)(2k+1) (264-3)
15 Co

= (2.17)
8 (2k—1)(2k+1) (2k+3) (2k+5)

III. DYNAMICAL MATRIX

We consider a lattice of electrons in a compensating
uniform background of positive charge. The equi-
librium position of the /th electron relative to an origin
at some lattice point is given by the vector

ri=ha;+last1sa;,

where the {/;} are integers and a,, a,, and as are the
primitive translation vectors of our lattice.

For small displacements of the electrons about their
equilibrium positions, the total potential energy of this
system can be expanded as

=B~} 2 bV utu,t ++ 01,
1244
xy

@3.1)

where %, is the x component of displacement of the /th
electron, and for central force interactions

¢tV =[8(r)/0x3y]| r=rtv, (3.2)
with

=rl—r1".
Furthermore, since the net force on any electron must
vanish in a uniform translation of the lattice, we have

the additional condition that

¢:w”= - Z' ¢zuwaw; (3'3)
v

where the prime on the summation excludes I=0.In
the present problem .

o(r) ———nezf i
=¢0 (f)+¢B (f),

(3.4)

Do) = st 5
T a M
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where 7 is the number density of electrons and equals
2/ao® for a bec lattice in terms of the lattice parameter
a0, and we find

e2

(@)= = ( u,)s[sx"'y"'— ()8l 1l (3.52)
r

(50t =~ $TneSadur. (3.5b)

In obtaining Eq. (3.5b) we have used the fact that
CVE(1/r)=—4xb(r).

The equations of motion for an electron acting under
the potential given in Eq. (3.1) are

’—Mu,’—z dotu, (x=x,7v,2). (3.6)
au,
3’
If we assume solutions of the form
wH(k)=u.© exp[iwt—ik-r], 3.7
Eq. (3.6) becomes
1
—otu, 0= 1—3 ozt exp[ik- (r'— rll)] %0,
v (M
=—2 Dy(k)u,, (3.8)
v

where the D,,(k) are obtained from Egs. (3.8) and
(3.5) as

e2

X [3x 'yt — (r1) %5,y J[82y—exp(tk- 17) ]
(r)s )

We assume that the displacement components u,’
satisfy the Born-von Karman cyclic boundary condi-
tion, and this implies that the allowed values of the
wave vector k are uniformly distributed throughout
the first Brillouin zone with a density Q/(2r)3, where Q
is the normalization volume for our lattice. It is con-
venient to define new matrix elements C,, (k) such that

Cay (k)= Doy (k) — §,28,
where w, is the classical plasma frequency,

wgt= (4rne?) /M.

(3.9

(3.10)

The condition that the set of Egs. (3.8) has a nontrivial
solution is that the determinant of the coefficients
vanishes. In the present notation this condition becomes

|C—I(?~dwd)|=|C—I\|= (3.11)
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It is immediately obvious that TrC=0 for all k, by
Laplace’s equation, so we obtain the sum rule pre-
viously derived by Kohn,®

3
L wik)=w, (3.12)
F=1

IV. CALCULATION OF THE MOMENTS OF THE
FREQUENCY DISTRIBUTION FUNCTION
In Sec. IT we saw that the zero-point energy of our
lattice can be expanded in terms of the even dimen-
sionless moments of the frequency distribution function,
and that these moments are related to the traces of
powers of the dynamical matrix D by

(4.1

TrD»= E Z [Dr (k) Js-

3Nwy 3Nwy?" =1

U2n=

In practice, however, it is more convenient to work with
the matrix C(k) defined by Eq. (3.10). We must thus
relate the moments #,, to the traces of powers of C(k).
This we do as follows. We write

3
TI'C"=Z.:1 Ek:?v"(k), (4.2)
where
Aj (k) = “’3‘2 (k) - %‘%2- (4~3>

The determinantal equation (3.11) can be expanded in
the form

AI— g\ BA—c=0), (4.4)

where the coefficients &, b, ¢ are functions of k which are
given explicitly by

a=Cp+Cat-C 33,
b= C11Cor+CoxCas+ 311~ C1oC1

—C23C33—C3iC13,

¢= C11C2C 33+ 2C19C25C 31~ C11C23C 32
~CpCa:1C1s—

(4.5)

C53C13Co1.
We now introduce a function S.(k) by the relation
S (k) =\ (k) +Ae" (k) -+ (), (4.6)

where the \; are the three roots of the secular equation
for a given value of k. With the aid of known relations*
between the sums of powers of the roots of an algebraic
equation and the coefficients in the equation, and Eq.
(4.4), we find that the functions S, satisfy the following

1 W. Kohn (unpublished work); see R. Brout, Phys. Rev. 113,

43 (1959), footnote reference 4.
WE, P. Adams, Smithsonian Mathematical Formulae and Tables

of Elliptic Functions (The Smithsonian Institution, Washington,
D. C., 1922).

R. A. COLDWELL~-HORSFALL AND A. A. MARADUDIN

recurrence relation:
Sn=0S5n-1—8Sn-2+¢Sns.
Thus the first five .S, are
S 0= 3,
S 1=a== O,
Sa=a?—~2b=—2b,
S3=a3—3ab+3c=3c,
Si=at—4ab+4ac+22=28,

4.7)

where we have used the fact that ¢ vanishes as was
indicated at the end of the preceding section. It is the
simplification of the expressions for the S, expressed
by the second column in Eq. (4.7) which prompted the
use of the matrix C(k). With the aid of Eqgs. (4.3) and
(4.6), we can write S, (%) as

Sn(k)=§((‘-‘.1

J=1

3‘% )”

n(n—1)

= Z { w}zn — nw’i’n—-—2% +___2!_w12n—4§wp

nn—1)(n—2) 1

—_— vt S
3! 27
n(n—l)(u——?.)(n-—?;)
4! e
n(n—1)(n—2)(n—3)(n—4)
St

1
X wj2n—10__wp10+ [
243

and if we now take the average value of S, over all
wave vectors k, we obtain

1 S,.(k)
Sn= (Sn> IV Z

1 n(n—1) 1
=Uon~N~Usn_g} —Upa
3 2t 32

nn—1)(n—2) 1
—— " Uon_¢
3! 33

n(n-—l)(n—Z)(n -3)1
—‘%"n-—S

4! 3¢
n(n~1)(n—2)(n—-3)(n—4) 1

S| ""u"n—10+' t.

(4.8)
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Therefore we can express the even moments u,, in
terms of the 8, by simple inversion of the Eqs. (4.8);
thus,

o= 8o,
us =380+ 8;,
%s=380+ 381+ 8,,

1

3 3 4.9
Ug=-—8¢+~81+~8218;,
27 9 3

1 4 6 4
#g=—8¢+—811-82+-83+8;,
81 27 9 3

and so on.
The first nontrivial summation is that for $;. From
Eqgs. (4.8), (4.9), and (3.9), we have

Sg"-—-“ —

2 [3C11C22—3C15Ca1]
x

wyt

2-3.¢

—— !

- _Spr“M2 k 1.,
[ (3x lz - 712) (Sym2 - fmz) —9% 133 lxmym.]

4 lbfm5

X

Xexp(ik-ri41m). (4.10)

We first perform the summation over all wave vectors
and use the result that

> x exp(ik-1)=Nb. o;

thus the number of summations over the lattice vectors
is reduced by unity, and we obtain the simple sum

2¢t 1
52::— Z:'(—"" .

A2 T\ 8

(4.11)

(4.12)

This sum is tabulated by Misra®? and Ingham and
Jones!® and has the value 0.45383(2/a0)® for the bcc
lattice; therefore,

89=0.091965. (4.13)

The succeeding 8, become increasingly difficult to

evaluate: 83 involves a double sum over all lattice

vectors and 84 a triple sum, after the summation over

wave vectors has been carried out (see Appendix B).
The values we obtain for the 8, are

$3=7.3542X 1073, 8,=1.6630X107%. (4.14)
The values of the us, and the v, defined in Eqgs. (4.9)

1 R, D. Misra, Proc. Cambridge Phil. Soc. 36, 173 (1940).
1 A. E. Ingham and J. E. Jones, Proc. Roy. Soc. (London) 107,
636 (1925).
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and (2.11), respectively, become
wo=1.000000 o= 1000000
#y;=0.333333 2= 0,666667
#5=0.203076 2=0.536409  (4.15)
16==0.136356 25=0.472872
13=0.109816 v37=0.449514.

We substitute these values of the v,, into Eq. (2.12)
and obtain the contribution to the zero-point energy
per electron from the first five moments:

Eo/N = §h,(0.552503). (4.16)

The contribution to E¢/N from the remaining terms
in the expansion is given by Eq. (2.16), viz.,

%_Sﬁwp‘ —“1 c2
¥ 2 | 4Qe—1)Qk+1)
1 ¢4
"2 (2k—1)(2k+1) (2k+3)
15 s

—_ } (4.17)
8 (2k—1)(2k+-1)(2k+-3)(2k+5)

Values of ¢; and ¢4 were obtained by substituting the
values given in Eq. (4.15) for 95 and 1 into Eq. (2.15),
and we find that

62=27.892, c¢4=—68.136. (4.18)
The extrapolated value of the zero-point energy is
Eo/N=$hw,(0.5085)=2.642/r ry. (4.19)

A more accurate value of ¢2 is calculated in Appendix
C:
c2=29.984. (4.20)

With this result and the values of v and 2 given by
Eq. (4.15), we find for the coefficients ¢4 and ¢; the
values

co=—86.264, ce=27.192. (4.21)

The extrapolated value of Eo/N obtained using these
Can 1S
Ey/N=3%#kw,(0.5077)=2.638/r.}ry.  (4.22)

These results are in good agreement with Carr’s result,
2.66/r} ry.

V. STABILITY OF THE ELECTRON LATTICE

The success of Lindemann’s melting formula* when
applied to ordinary solids led us to use the formula to
find a criterion for the stability of the electron lattice.
Lindemann stated that melting occurs when the mean
amplitude of vibration of a particle about its lattice
position is greater than some fraction & of the inter-

W F. A. Lindemann, Physik. Z. 11, 609 (1910).
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particle spacing. The mean amplitude of vibration is
determined as follows.

We expand the o component of the displacement
of the Ith electron in terms of the normal coordinates
of the lattice

= Z Qi(k)eq’ (k) exp(tk-17),

S.
Tk G0

where the {e./(k)} are the components of the eigen-
vectors of the matrix [D.,(k)]. Since every lattice
point is equivalent to every other one when the cyclic
boundary condition is assumed, and since the displace-
ment components are real, we have the identity

1
{(W))=—2 uat(a)*
N a,l

Z QiWQ;* Kea*7 (K)ea’(k),  (5.2)

=2
QLM

so that 1
2Y = e (k)0 (k). 5.3
W) EQ()Q (k) (5.3)

In evaluating the thermal average of (#?), we thus
require the thermal average of Q;(k)Q,*(k). This is the
well-known expression

(0500 ()= [/ 2e03(k) ] cothFeo; (k) /26T,

and the mean square displacement at temperature T
is therefore given by

(5.4)

1 fiw (k)
Z coth
2kT

5.5
NM 2% 5w;(k) 35

(W )av=

In terms of the frequency distribution function this
result becomes

3 perg(w) fiw
(U ay=—— f —_— coth(—m-)dw. (5.6)
MJy @ 2kT
In the limit as T — 0, we obtain
3% pergw)
{#)oy="—— ———dw
0 w
3%
= ———_ (5.73)
2Mw,
3% 1 3 35
[vo+*‘02+*’04+ ot+—vg+ - - ] (5.7b)
wa 128
Lindemann’s criterion can be stated as
{uBay critical= 8?2, (5.8)

R. A. COLDWELL-HORSFALL

AND A. A. MARADUDIN

where 7¢ is the mean particle spacing. For the bcc
lattice 7o is V3ao/2. On using the values of vy, given
in Eq. (4.15), we obtain the critical value of r,,

ro= 0.4054 6
= 64857  for =1, (5.9)
=103.771  fors=1.

Correction terms to the expansion in Eq. (5.7) in terms
of ¢s, ¢4, --- can be obtained in just the same way as
was used in Sec. II. However, in view of the arbitrari-
ness in the choice of 8, a higher degree of accuracy than
is represented by Eq. (5.7) seemed pointless.

The value r,~20 given by Nozitres and Pines' for
6=1 is calculated on the assumption that only longi-
tudinal plasmons can contribute to the lattice vibra-
tions, and certainly is an overestimate of the stability
of the lattice, as they expect. However, the real problem
in this calculation is the choice of a reasonable value
for 8.

Finally, the fact that the electrons in a compensating
uniform background of positive charge crystallize into
a lattice at some critical value of the number density
suggests that in the absence of detailed knowledge
regarding the nature of this phase transition, the extra-
polation of the low density result for the correlation
energy to the region of metallic densities, at least by
any simple procedure, is likely to be in error.

APPENDIX A

In order to make this paper self-contained, we present

n “elementary” calculation of the potential energy of

an electron lattice for each of the three primitive cubic-

lattice structures. It is elementary in that Ewald’s

generalized theta-function transformation'® is not
employed.

For each of the lattice structures the potential energy
of interaction of a single electron with all other electrons
and with the uniform background of positive charge is
given by

U= U1+ Uz, (Al)
where
1
U=t ——, (A2)
v (vt
dxdyds
Uy= -—neﬁfff (A3)
(+yrtat)?

The prime on the summation in Eq. (A2) means that
the point x;=4,=2;=0 is excluded. # is the number
density of electrons, and @ is the normalization volume
for our lattices.

We consider the sum U, first. The vector x;= (x1,3;,2;)

takes the following forms for the three primitive cubic

18 P. Nozitres and D. Pines, Phys. Rev. 111, 442 (1958),
18 P, P. Ewald, Ann. Physik 64, 253 (1921).
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lattices:

sc:  xi=ao(ly,ls,ls) Iy, Iy, I3 unrestricted integers,

fee:  xi=(ao/2) (ll2)05)
h+1+1;=even integers, (A4)

bee:  xi=(a0/2) (I1,l5,ls) U, 1, I3 all even or all odd.
With the aid of the relation

1 1 ®

e t1g—=tdg (AS)

zk T(k)
we rewrite Eq. (A2) as

¢ e
U1=—— Z,

J -} exp[— (2H2+H2dl, (A6)
7t ag tilals 0

where { is 1 for the sc lattice and 2 for the fcc and bec
lattices. We now break up the range of integration into
two parts (0,¢) and (¢,%), where the choice of e will
be deferred to a later point in the calculations. Thus
we define

P o

D= = 5 [ b el G, (D
7r% Qg Llzls
g- 2 €

Uu=== £ [ Feal—(HEHD0 (43)
1,-’) a0 Lilals 0
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In terms of the auxiliary integrals®
Pm(x)= f e, (A9)
1
Eqg. (A7) can be written as
Uu‘—f( ) Z, ¢—%[€(ll2+ln2+la2)] (A10)
ag hlais

In the sum U,, we interchange the order of sum-
mation and integration and remove the restriction on
the sum to obtain

$é pre
Up=—— | tH{ X exp[—~(l+i2+IHi]—1}dt
T aQy lilals
g— 82 « }eg
= t‘*a(t)dt—zg‘( ) (Al11)
7I'§ ao
where we have put
o(t)= 2 exp[— (2+12+1d1]. (A12)

hilals

For the three lattice types, o(f) takes the following
forms'?:

sc: o()= % exp[— (IR0 ={ S exp(—ED), (Al3a)
. lilals l=—00
fcc: o(t)= Z exp[ — (212412t )= { Z exp(— 4l2t)}3+3 Z exp(—4){ Z exp[—4(—3)%]}?, (A13b)
h +lz +la even =
bee: o(f)= > exp[— (2+12+1H)]={ f: exp (—42) Y4 { i exp[—4(—$)%])% (A13c)
all even o1 od = i
However, we employ the following transformations'”:
i
}: exp(—Ft)= (— Z exp(——lz) (Al4a)
l=—00
w 1/m\} « w2
£ en(—s0-p=(7) £ ~1ren(-Zr), (Al4b)
l=—w 2\¢ = 4
and the auxiliary integrals ¢,(x) to rewrite Uss as
b2 e « dt
sc: Up= —2( ) —_t 3 ¢o[ (i +l22+l32)]+7f*f - (A15a)
€ Qg l1l2ls ay Yo tz
LI n? 27 € dt
fcc: U= -—4( ) —~[4¢o( )+3¢o( )+6¢0( )+ ]+7I‘— Py (A15Db)
€ Qo 1}
e\te? 3we T 27? ¢ di
bee: U12=—4(~—) ——+—~—[2¢o(-——)+¢o(— +4¢o(——)+2¢o( )+ ] -— | —. (Al5c)
™ Qo € Qo 2¢ € 2 ay 2

7 E, Whittaker and G. N. Watson, Modern Analysis (Cambridge University Press, New York, 1952), 4th ed., p. 474.
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The parameter e is now chosen so as to ensure equal
rates of convergence in the two sums Uy, and Uy,. Since
for large x

Pm ()~ (€7%/1),
in the present case the following choices were made:

€c=T; €c="/2; epe=m/2. (A16)

We now turn to the energy U,. The number density
n in each of the three cases is
sc: n=1/ad,
fcc: n=4/add,
n= 2/ (103.

(A17)

bec:

We must evaluate U, in the same representation that
we used for U, in order that the divergence which occurs
in the evaluation of U,s, Eq. (A15), be canceled by a
corresponding divergence in U,, as is required by the
charge neutrality of our system. To this end we make

U,c{.[s.ﬁ_% () 41264 (20)+ 84 (3m)+ 663 (4m) + - - -]
0
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a change of variables,
x;= (@o/O)u;,
and rewrite Eq. (A.3) as
dudvdw

U= —ne’( ao) f f f (w2+o*+w?)h
L

X exp[— (#*+v*+w?)tJdtdudvdw.

(A18)

Having made this transformation we now extend the
limits of the integrals over %, v, w to Z=o. We inter-
change the order of integration and find

vrmnen(2) [

Combining Uy, Uy, and U, and substituting the values
of ¢ and e which are given by Eq. (A16), we obtain

(A19)

+ai:[6¢o(r)+12¢o(21r)+8¢o(31r)+6¢o(41r)+- - -]—3(;:—, (A20a)
U fce=‘/22—2[12¢~;(7r)+6¢—4(21r)+24¢—;(3w)+ 12¢_; (@m)+---]
+4~[4¢o(Svr/2)+3¢o(21r)+6¢o(4vr)+ 1= 2(1+V2)— (A20b)
Ubee=V2: —'[8¢—;(37r/ 2)+6¢_3(2m)+12¢_y (4r)+- - - ]
+6a—0[2¢o (7)o (2m) 40 (3m) + 200 (dar) + - - - ]~ (2v2+1)§. (A20c)
Tables of ¢.(x) have been prepared by Misra®? and by APPENDIX B
Born and Misra.!® With the aid of these the sums are ~ From Eqgs. (4.5), (4.7), (4.8), and (3.9), we have

readily evaluated, and we finally obtain 1 3¢

§g=— —

Uso=— (2¢/ac) (1.4186488) VT oy

=—2(1.7601188) (1/7,) ry,

U= — (2¢%/00) (2.2924378)
=—2(1.791753) (1/r,) ry, (A21)

Uoe=— (2¢%/a0) (1.819620) __
= —2(1.791860) (1/r,) y.

1
. Zkfcncﬂcss‘l'zclzczscsl—3011C232]

Wp

“ N LGmer) (
—_— 22 —72) (3ymE—17m?) (32,2 — 1,2
NM3 w8 r1,tmurn ! ’ ) )

' .38 —38 —_ 2
These values represent the interaction energy of each T2 Sty ymmaiin— 3 (B8P —17) Ynimyntn]

electron with its surroundings. The potential energy per 1
X‘—ary +tm 415, 0

electron is half of this interaction energy. P s
min
- . . = (e%/M*w,*)(2/a00)
13 M. Born and R. D. Misra, Proc. Cambridge Phil. Soc. 36,
466 (1940). =3./7, (B1)
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where 3_ is the sum in Eq. (B1) evaluated for the values
of m; from (3)* to (27)}, and for n, from (3)* to (20)};
n; is a vector with integer components which are all
even or all odd [see Appendix A, Eq. (A4)]. We obtain
the value

2.=228.02X10-%,
Hence
83=7.3542X 1073, (B2)
Similarly, we have
2
Sq= Z b2, (B3)
3Nw,® *

where

62 4 ‘
{:b2=3(E)N S {Guimrd) Gani—rad)

Y,tm,In,r'p

X Byn*=ra?) By,'~1,)+2Bxl~1?)

X Bym?—1n?) (3ya2—1.2) (322157

+3 3y ikmym—2 (3x2—12) (3Yu2—7md) ]
X Lnynt py mt-ynzuy p2pt 3nkn %1}

KOty 41 +1n g, 0/ Tlafmﬁfnsfpa
=3(¢/M)*N (2/a0)*- %,

where, in this case,

= f f }s: =80.998 X103,

n? =3 nm?=3 n,2=3
Therefore, we obtain

8s=(2/mX
=1.663X1073. (B4)

APPENDIX C

We have remarked in Sec. II that it is a general
result for three-dimensional lattices that the low-
frequency expansion of the frequency distribution
function f(x) has the form

flx)~cox? - caxttcex® -+ - (C1)

Here we obtain an accurate value of the coefficient ¢,
for our model.

We begin by writing down the small k expansions of
the elements D.,(k) of the 3X3 dynamical matrix
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defined by Eq. (3.9)"°:

e? 3x;y;-—r;26 .
Doy () =iy —— &' ———— ik,
M r°

k2 ac’k? k.2
Dzz (k) — 2—“_0)1;2——[0.849"_0.637_
i 167 k2

k-0 p2

2 k2

k2R,
—1.591= } (C2)
k?

|

Dy (k) — wy?

k[0

Iy kah,
wi—1 0.042 ]
B 167l 2

The secular equation has been solved along six direc-
tions in k space, viz., the [1007], [110], [111], [210],
[211], [221] directions. The results are as follows
(=w/wy, y=a0*/167):

[100]: ?=+(0.742)k* (twice)
=1—y(1.486)k2;

2=7(0.742)
=+(0.099)%2
=1—(0.843)12;

#?=v(0.313)k% (twice)
=1—7(0.629)%;
x2=(0.742) k2
=7(0.363)
=1—~(1.107)%;
a2=r (0.528)%
=+(0.351)%2
=1-—+(0.880)%2;
2?=+(0.528)%?
=+(0.170) k2
=1—~(0.700) 22,

(C3a)
[110]:

(C3b)
[111]:
(C3¢)
[210]:

(C3d)
[2117:

{C3e)
[2217:

(C3f)

Only the two acoustic branches contribute to the low-
frequency end of the frequency spectrum. The disper-
sion relations for these two branches can clearly be
written as

lZ()2
w2=wp"ECf )k (j=1,2). (C4)

It is well known® that the distribution function for the
squares of the normal mode frequencies in a given
branch is given by

G = L[ o’
{0 *-5;1; exp (—iow?) f;(a)da,

M. H. Cohen and F. Keffer, Phys. Rev. 99, 1128 (1955).

(1’; 6‘8) A. Maradudin and G. H. Weiss, Nuovo cimento 15, 408

(CS)
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where
fi(@)=E{exp(iows)}

1
=— Y giawi(®)

3N &
1 Q

o f f f ceat®gk,  (C6)

The integration in Eq. (C6) is carried out throughout
the first Brillouin zone. The normalization volume Q is
given by

Q=N (as*/2). (C7)

The small «?® behavior of G;(«?) is determined by the
large || behavior of fi(a). If we substitute Eq. (C4)
into Eq. (C6), we can extend the integration throughout
all space with little error, since there is only one mini-
mum in each Brillouin zone, to find the leading term in
the large || expansion of f;(a):

e~ (’;‘i)a I exp w08 |

. X k? sinfdkdode
i 1—15
LT (c8)
6rw,*  |alt
where
T 27 sinfdfde
I;= f f —— (C9)
o Yo [Ci(0¢)]

If we substitute Eq. (C8) back into Eq. (CS5), we
obtain?

Ij (w2)'},
i

Gi(w)~ (C10)

and since g;(w)=2wG;(w?), we have

gilw)= (41 ;/3r%w})? «*— 0. (C11)
By introducing f;(x) = wpg(wp*), we finally obtain
fi@)~ (41,/37)a. (C12)

The coefficient ¢; is therefore given by
9= (4/31!';) (Il+12) (C13)

A M, J. Lighthill, Fourier Analysis and Generalized Functions
(Cambridge University Press, New York, 1958), p. 43.
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To evaluate 7; and I, we have used Houston’s?
method as developed by Betts, Bhatia, and Wyman.®
They obtain the result that if we have an integral of the
form

T a7
= i 14
I j; j; F(8,¢) sinfdode, (C14)

where F(8,¢) has cubic symmetry and is known only
along the six special directions, [100], [110], [111],
[210], [2117, [221], which we denote by 4, B, C, D,
E, and F, respectively, the most accurate value of 7
obtainable from these data is

4
1081080
+381250F p+311040F g+177147F r}.

I= (117603F 4+ 76544F 5+17496F ¢

(C15)

With the aid of this result and Egs. (C3) and (C9),
we evaluated (7,417) with the result that

Ii+1,=12522, (C16)

so that

c2=29.984. (&)

With a value for ¢c; we can obtain the low-tempera-
ture specific heat of the electron lattice. The specific
heat per electron can be written as

Co @2 (hw/2kT)*
ek p(w)de,
N j; T i)
so that
C./N~cok(4x4/5)(T/O) as T—0, (C18)

where we have put @=/%w,/k. If we substitute the
values of ¢, and the fundamental constants into Eq.
(C18) we obtain finally in the low-temperature limit

C./N="56.21kr,2"(kT).y". (C19)
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Certain problems of fluid dynamics are conveniently discussed in the Lagrangian description by means
of the displacement-vector function, The Eulerian variables describing the motion may be obtained from
the displacement-vector function by a generalization of the Lagrange expansion which is here established.
Two examples of the application of this expansion are given; the derivation of the Fokker-Planck equation,
and the description of the surface conditions of a rippling electron stream by the device of equivalent sur-

face charges.

1. INTRODUCTION

IN problems concerned with the dynamics of dis-
tributions of particles, such as the theories of elec-
tron tubes and of electron-ion plasmas® and some as-
pects of the theory of neutral gases, it is convenient to
study perturbations of the particle distribution by
means of a displacement vector rather than by the
associated variation of the Eulerian variables p(x,1), etc.
Thus we assume that in the perturbed state of the sys-
tem, the particle which was at point x, at time £ is now
to be found at point x,+£.(x,f) at the same time ;. We
here assume that the particles constitute a single
stream, but one may take account of multistream sys-
tems by introducing a further parameter into £.(x,f).

The advantage of this formalism is that it readily
lends itself to the application of particle dynamics in
Lagrangian or Hamiltonian form.? We note that in
this picture the single vector £,(x,f) replaces the scalar
o(x,0), the particle density, and the current density
je(x,8), which are related by the continuity equation.
However, although the displacement vector is con-
venient for dynamical calculations, it is necessary to
have some method for determining the Eulerian vari-
ables from the displacement-vector function. This com-
munication deals with this problem.

We begin by considering a one-dimensional problem.
We are given the perturbation of a linear array of par-
ticles by means of the displacement-vector function,
and wish to evaluate the density in the perturbed state.
We find the answer to this problem to be given by the
familiar Lagrange expansion.?

We next consider the more general question posed by
relaxing the restriction that the system be one-dimen-
sional, and by seeking formulas for other Eulerian
quantities such as the current density. These questions
are answered by similar expansions, which it is natural
to regard as generalizations of the original expansion,
although this generalization is not possible in the form
in which the expansion is usually given.

* The research reported in this paper has been sponsored by the
FElectronics Research Directorate of the Air Force Cambridge
Research Center, Air Research and Development Command.

1P, A. Sturrock, Phys. Rev. 117, 1426 (1960).

2 P, A. Sturrock, Ann. Phys. 4, 306 (1958).

3E. T. Whittaker and G. N. Watson, Modern Analysis (Cam-
bridge University Press, New York, 1952), 4th ed., p. 132.

We consider two simple examples of the application
of this expansion: the derivation of the Fokker-Planck
equation® and the problem of representing perturbations
of a finite electron beam by surface charges and surface
currents.® We show in an appendix how our formulas
may be derived by the methods of gas dynamics.

2. ONE-DIMENSIONAL PROBLEM

The familiar statement of the Lagrange expansion is
the following : Let « and o be related by the equation

x=x¢+AE(x0) (2.1)

then %, is implicitly defined as a function of xz. Any
function of xo, F(x0), should therefore be expressible in
terms of A and the functions £(x), F(x). The appro-
priate relation is

dF{(x)
dx

A? d"{

Vo
vidx

Pl =F@+E (=) £ () } (2.2)

Let us now consider the problem of the perturbation
of a linear continuous distribution of particles, initially
of density p(x). We suppose that under the perturbation
the particle initially at xo is transferred to the point »
as given by (2.1). We wish to determine the density of
the perturbed system 5(x).

For this purpose, it is convenient to introduce the
cumulative measure function defined as the number or
“weight” of particles to the left of a given point

F(x)= f xp(x’)dx’, Fla)= f ala)dx’. (2.3)

We now see that

F(x)=Flxo(x)], (2.4)

if we assume, here and throughout, that X is not so
large that “crossover” occurs. We also note that

p(x)=dF (x)/dz, p(x)=dF(z)/dx.

The relation we seek may now be obtained by dif-

(2.5)

4§, Chandrasekhar, Revs. Modern Phys. 15, 31 (1943).
$E. L. Chu, J. Appl. Phys, 31, 381 (1960).
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ferentiating (2.2),

w A a
pE)=X (—)——{p(x)§" ()} (2.6)
=1 v!dx”
or, more explicitly,
p(x)=p(x)—\(d/dx)[p(x) £(x)]
+(P/d) (@) e (@) ]~ - (2.7)

Equation (2.6) is equivalent to the Lagrange expansion
(2.2), but we shall see that (2.6) can be generalized to
n dimensions, whereas (2.2) apparently cannot.

3. GENERALIZATIONS OF THE LAGRANGE
EXPANSION

Now reconsider the problem of evaluating the density
of a distribution of particles consequent upon displace-
ment of these particles, but consider space of a higher
number of dimensions by replacing the single variable
x by a vector with coordinates x, where, for definiteness,
we assume that » takes the values of 1, 2, 3. The sum-
mation convention will be used.

We introduce the Fourier transform of the density
function p(x) defined by

o) = f Fretrorps (k) @3.1)

pr(k)= (51;)3 f dxe*reep(x).

We now consider Eq. (3.2) as it applies to the perturbed
state, and note that the integration over 5(x)d%x is
simply a counting of particles, and so may equally well
be replaced by integration over p(xo)d*xo. Hence, we see
from (2.1) and (3.2) that

1 3
5F(k)=(-2—) [z
w
Xexp{ —ik [ x0,,+AE(x0)]}. (3.3)

We now insert (3.3) into (3.1), expanding one of the
exponentials, to obtain

ﬁ(x)= (i)afdsx’p(x') fd"'k

o A?
Xexp[ikr(xr—xr,)] Eo (‘—i)”—;{kr’ér(x')}’. (3.4)

(3.2)

The % integration may be expressed in terms of § func-
tions as follows:

95%(x—2')
)= [[ @)ty rt )

Xy

A2 028 (x—x)
+—¢, (x’) & (x,)

o .]’ (3.5)
2! Ix,0%,
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which leads finally to the expansion

i)
p(x) =p(x)—A—{p(x)£.(x)}
0x,

2 2
+.__.

1 9x, 02,

3.6)

{p(X)E(®)Ea(x)}—+ - -

This represents a generalization of the Lagrange
expansion.

Since the density of the perturbed system may be
expressed by the expansion (3.6), we should expect that
other Eulerian quantities, such as current density,
energy density, etc., may be expressed in a similar
fashion. Let us consider the quantity ¢(x,), which may
be a vector or tensor, and suppose that it is expressible
as

¢=pb(vs), G

in which p(«,) and v.(x,f) are known for the unper-
turbed system. On perturbation, the particle which was
at %, at time £ is now at x,+£.(x,f) at time ¢ (here and
henceforth we dispense with the parameter A), and has
velocity v,+ (3¢,/01)+v.(0%./0x,). Hence the Fourier
transform of ¢ is given by the expression formed from
(3.3) by replacing p by gy, the argument of ¥ being the
perturbed velocity. Hence we obtain, in place of (3.6),
the expansion

- a9t 9%,
"’(””)=”(x”(”'+3?+”‘““)

%,

_;9%{ P(x)'lf(vr+%+v.a£r)£u(x) }+ e (3.8)

ox,

As a particular example, consider the current density j,,
for which ¢ (v;)=v,. The appropriate expansion is seen

to be

9t 9k
Jr (xJ) = P(x) ('0,+—+'l).—~—
a1 0%,

-i[p<x>(v,+%il+v,§3)su<x> e G9)

ax,

4. FOKKER-PLANCK EQUATION®

Consider an assembly of particles, with a range of
“thermal” wvelocities, acted upon by ‘“external” forces
and by random microforces such as those which give
rise to interparticle small-angle collisions. We represent
the distribution by the function f(w,,f) in the usual
way. We now suppose that at time 74-A¢ the particle
which at time ¢ had position %, and velocity v, is found
to have position x,4Ax, and velocity v,4-Av,. Then
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we see from (3.6) that

(@, 1A = = (A — 02
%, 37,

1 & a?
+§ ax,ax,(fo'Ax’Hax u.(fm'm’)
1 &
+E awréw.(fAv,A'v,)“- ooy (41)

wherein all quantities on the right-hand side are evalu-
ated at time ¢,

We now suppose that A may be chosen small enough
for the change in the macroscopic quantities such as
the external forces and f itself to be small, yet large
enough for a large number of small-angle collisions to
take place in this period. Then we may write

S, t4+-A)— f(x0,0) = (3f/81) - A,

Ax,=v Al (4.2)

The change in the velocity may be written as the sum
of two contributions, Arv, caused by external forces and
Acv, caused by collisions. Then

Apv,= (F,/m)At, 4.3)
according to our assumptions concerning A!, where
Fy(x,0,0) is the external force. In dealing with the
collision term, we consider averages over a large number
of collisions. Then both Agv, and A, will give
contributions linear in A¢, whereas higher-order products
will tend to zero more rapidly than Af as At is diminished,
subject always to the restriction that Af is long com-
pared with the collision interval. In this sense, we may
write

<AC’vr> <avr> <Ac‘v,Acv,> <8vra'u.>

as “‘At— 0.7

(4.4)

The corresponding limit of higher-order products is zero.
On combining the foregoing equatmns we find that
(4.1) may be written as

of 3 (F.
Do -+—(-f)
at ax, dv.\m
1 8

“a“v,«a”) )+ zav,av,«aw’ Cf), (4.5)

where we adopt the conventional arrangement of
grouping collisions on the right-hand side. Note that
the acceleration term on the left-hand side is in the
form appropriate to velocity-dependent forces.
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5. SURFACE CHARGE AND DIPOLE LAYERS
OF RIPPLED BEAMS

A problem which has received some attention of late
and which may be conveniently handled by means of
the Lagrange expansion is that of determining the
equivalent surface charges to ascribe to a rippling beam
with a sharp boundary.® We shall discuss only the charge
density, but the current density and other quantities
could be evaluated similarly. The problem which we
have to solve is that of handling the discontinuity repre-
sented by the edge of the beam. For this purpose, it is
convenient to introduce the step function defined by

0(e) =0,
=1,

a<0,

>0, (5.1)

and the function N(x) which denotes the normal dis-
tance from the point x to the surface of the beam,
counted positive if the point is outside the beam and
negative if the point is inside the beam. We may now
write the unperturbed density p(x) of the beam as

p(x)=po(x)0[ — N (x)], (5.2)

wherein po(x) may be taken to be a well-behaved func-
tion, the discontinuity being represented by the func-
tion 8[— N (x)] which is unity for interior points and
zero for exterior points. We note that

AN /dx,=n,, (5.3)

where #, is the outward normal vector. Since n.2=1,
we also see that

#:(00,/0%,)=0 or n,(0n./8%,)=0,

so that an,/dx, may be evaluated from knowledge of
the normal-vector field at the boundary surface itself.

We may now apply the Lagrange expansion (3.6).
Upon noting that

(8/9x,)8(—N)=

(5.4)

—n3(N), (5.5)
and
(8%/92,0%5)8(— N) = — (3n,/3x,)8(N) — ..’ (N), (5.6)

we see that

p(@)=py (x)0(—N)+& (x)o (V) — #(2)8'(N)+- -+, (5.7)
where
pv () = po— (8/0:+) (pok»)
+3(6%/9%:0%,) (pokcf) 4+ <+, (5.8)
& (x) = P(mfsr"‘ﬂr(ﬁ/ axs) (Pﬂsﬂfa)
—%(aﬂr/axs)f)osrst"!' ttty (5'9)
and
1?'(5(7) = %Ponrnafrfa'*' (510)

to second order in the displacement. Formulas (5.9)
and (5.10) are to be evaluated at the bounding surface.
We see from the form of (5.7) that pv(x) represents the
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perturbed space-charge density inside the beam, &(x)
represents the surface-charge density, and #(x) repre-
sents the surface-dipole layer.

6. DISCUSSION

The generalization of the Lagrange expansion which
was established in Sec. 3 is useful in relating the
Lagrangian and Eulerian descriptions of the motion of
a fluid or assembly of particles. The transition from
Lagrangian to Eulerian variables may be desired for
the purpose of interpreting mathematical results. It
may also be necessary if an Eulerian description is re-
quired for one part of the problem, whereas a Lagrangian
description is convenient for another part. Problems
concerning electron beams and plasmas are of this
category, since it is convenient to discuss the motion
of particles by Lagrangian variables whereas the equa-
tions of the electromagnetic field require the Eulerian
formulation. In this connection, however, we may note
that the complete problem may be described by an
action principle which makes it unnecessary to intro-
duce the Eulerian description of the particle motion.?

The conditions for validity of our generalized forms
of the Lagrange expansion have not been investigated.
It may be possible to examine the series for convergence
in particular examples. However, we have seen in Sec. 5
that the expansion is informative even when it is not
convergent. Such applications of the expansion are sub-
ject to the usual restrictions applied to the calculus of
the Dirac delta function.

P. A, STURROCK

APPENDIX. DERIVATION OF THE LAGRANGE
EXPANSION FROM GAS KINETICS
The Lagrange expansion (3.6), which we derived by
Fourier-transform theory, may also be established by
arguments of gas kinetics. In place of (2.1), let us now
write
#r — Xp(2,) = 2+ 16:(), (A1)

where we shall interpret  as time. Under this per.turba-
tion, the initial density p(x) becomes 5(x,f), which we
shall expand as

w 1
p= Z —1¥py (A-Z)
=0 3
By Taylor’s theorem,
' p=0p/8t (t=0). (A.3)

We see from (A.1) that the velocity of any particle
of the fluid is constant, being given by £.(x) evaluated
for the position occupieqd by the particle at #=0. Hence
we obtain the sequence of conservation relations

(8/8t) () +(8/9,) (Brr) =0, (A4)

where Y=1, 7, vels, 1,0y, -+ -. From this equation, we
may readily prove by induction that

& /0= (—)*(9"/8x,0%, - ) (posve---). (A.5)
On evaluating (A.5) at /=0, we see that
pv= (—')#(ap/axraxlf' (I XA (A6)

(A.2) and (A.6) yield once more the Lagrange expan-
sion (3.6).
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Antiunitary operators are characterized in a manner similar to the characterization of unitary operators
by their characteristic vectors and characteristic values. It is shown that a complete orthonormal set of
vectors can be defined, some of which are invariant under the antiunitary operator. The rest of the vectors,
which are always even in number, form pairs in such a way that the antiunitary operator transforms each
member of a pair into a multiple of the other member of the same pair [Eq. (11)7]. The extent to which the
vectors of the orthonormal set are determined by the antiunitary operator is ascertained and the number
of free parameters in the various cases of degeneracy found.

1.

ANTIUNITARY operators' play a significant role
in the theory of the invariance of quantum
mechanical equations. The symmetry operators which
involve the operation of time-inversion are antiunitary.
The antiunitary operators are antilinear, i.e., if ¢ and
¥ are two vectors of the complex Hilbert space in
which the antiunitary operator 4 is defined and if
a and b are two complex numbers,

A@ot+b)=a*4 o+b*A4y. )

The asterisk denotes the conjugate complex. Further-
more, A changes the scalar product into its conjugate
complex

(Ao, 4) = (e)*= ¥, 9). (2

Actually, (1) follows from (2) so that the latter equation

can serve as the definition of the antiunitary nature

of A. However, unless the Hilbert space has only a

finite number of dimensions, it is also necessary to

specify that 4 has an inverse. This is also antiunitary.
If A is antiunitary, A2 defined by

AY=A(4Y) )

is unitary. This follows directly from the defining
Egs. (1) and (2), and it is also clear that A% has an
inverse if 4 does.

If Av is given for all the members of a complete
orthonormal set of vectors v,ve,--+, its antilinear
property defines it for all vectors v=Zazv;:

Av=A4 (2 axv) =2 ax*Avy. 4)

Hence, the normal form of 4 will be obtained by
specifying a complete set of orthonormal vectors v for
which A has a particularly simple form. These vectors
are the analogs of the characteristic vectors for unitary

1 Some of the results of the present article can be obtained on the
basis of theorems derived by E. Cartan in his Lecons sur la
Géoméirie Projective Complexe (Gauthier-Villars, Paris, 1931). I
am much indebted to Professor S. Bochner for drawing my
attention to the very profound investigations contained in this
treatise, which deals with general linear and antilinear trans-
formations. However, the direct derivations, given in the text
of the present paper, are hardly longer than the reinterpretation
and amplification of Cartan’s results (see particularly pp. 124-137)
would have been.

operators and will be, indeed, characteristic vectors of
A2 However, this property does not define them
completely.

I v,5,--- form a complete orthonormal set,
Avy,Avy,-+- also form such a set. The orthonormal
nature of the latter set follows directly from (2), the
completeness from the existence of the inverse of A.
If w were orthogonal to all Az, then 4~'w would be
orthogonal to all v.

We mention further for the sake of completeness,
that if K is the operation of complex conjugation so
that, in a particular coordinate system,

Ky=y*; K=}, (5)

AK is unitary and it follows that every antiunitary
operator can be written in the form

A=UK, (6)
where U is unitary. It follows from (6) that
A:=UKUK=UU*K*=UU*¥, (7N

where U* is the conjugate complex of U in the co-
ordinate system in which (5) is valid. Since UU* is
equivalent to its conjugate complex

UU*=UU*UU-'=U(UU**U, 8

its characteristic values are either real or pairwise
conjugate complex. It follows that the square of an
antiunitary operator is equivalent to a rotation. The
last four equations will not be used explicitly.

2.

It will be assumed that the spectrum of 4%=A is
discrete. The complications which arise if A has a
continuous spectrum are not serious, but their elimina-
tion is cumbersome. Let us consider then a characteristic
vector of A: .
Av=A%=wn. )

Since A is unitary, |w|=1. It then follows that Av is
also a characteristic vector of A,

Adv=A2Av=AA%=Awv=w*4v, (10)
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and belongs to the characteristic value w* Unless
w=1 or w=—1, w*w* and A4v is orthogonal to o,
Hence, if we choose an arbitrary orthonormal base,
Yu1,0uz,* - -+ among the characteristic vectors of w, we
can define, if w is complex,

(1

and the v, will form a full base of orthonormal
characteristic vectors to w*. The sign of the square
root in (11) is best fixed in such a way that the
imaginary part of ! shall have the same sign as the
imaginary part of w. Then (w*)}=(w})* The purpose
of the w! factor will become evident at once.
Application of 4 to both sides of (11) gives

vt k=W AV OF  Avur= () *vm

(12)

so that the choice of the characteristic vectors to w*
made in (11) renders this equation valid also if w is
replaced by w*. The v, may be called characteristic
vectors of 4 also.? However, in contrast to the unitary
case, the characteristic vectors of 4 to w also define
the characteristic vectors of 4 to o* if we want (11)
to hold. If one recalls that A is equivalent to a
rotation it is not surprising that a certain amount of
simplification results if a relation exists between the
characteristic vectors of & and of w* In the case of
a rotation one would set Vs z= v, ¥

Let us consider now a characteristic vector ¢ to the
characteristic value 1:

Av=A%=1, (13)

1t then follows from (10) that Av is also a characteristic
vector to the characteristic value 1 and so is, unless-it
vanishes, vn=c{v+49); ¢ is a real normalization
constant. It follows from (13) that

Avpy=Ac(v-+Av)=c(dv+v) =1y, (14)

so that vy is invariant under 4. If v=—A4v we choose
21=4v and have again

A vw*. = (w‘}) *A 206}, = (@*) *w'v@ &= w*vm, ks

(15

Next we consider another characteristic vector v’ = A2’
which is orthogonal to vy:

Am=di=—idv=@=m.

(r11,7") =0, (16)
Because of (2) and (14),
(2)11,44 '2),) = (Az?)’,A'Du) = (A?)I,Uu) = (?/71)11) = Oy (17)

Av" will also be orthogonal to v;;. We can write there-
fore v12=c(v’+A?') or, if this vanishes, v;2=4’, and
this will still be orthogonal to 7;; and also invariant
under A. Proceeding in the same way, a full ortho-
normal base vy,0s, -+ of characteristic vectors of A

2 The two vectors v,x and 9.+ form a plane in our Hilbert
space. The line which corresponds to this plane in Cartan’s
projective space is the invariant line of the passage cited in foot-
note reference 1.
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to the characteristic value 1 can be found which are

invariant under 4,
(18)

The vectors which satisfy (18) can be called the
invariant vectors of 4. The procedure just used to
ensure (18) is similar to the separation of real and
imaginary parts of a number.

Let us finally consider a characteristic vector of A

to —1:
(19)

Avge= vy

Av =A% j=—v_n.

In this case again, because of (10), Av_y is also a
characteristic value to —1. Furthermore, Av_y is
orthogonal to v_1; because of (2) and (19):

(e dr_a)= (A% n,dv_y) = — (-1, dv_n).  (20)
Hence we can write
Vo= 'iAan P_11== 7*4 V== = iAv_.m. (21)

If A has further linearly independent characteristic
vectors to —1, a normalized 7_;» can be found which
is orthogonal to both v_y; and 21+ Furthermore, the
same will be true of v_ypo=14v_3,. Thus, for instance,

(vpe2,v11) = (FAv_19,011) = — $(A 211, 4%010)

= ~'i(—-z’v,.m,—v.m) =0. (22)
Hence, proceeding in the same way, one can find a full
orthonormal base of characteristic vectors of A to —1,

(23)

Avopp=—0_1 AV ™= —V_pu,
for which

v__m=iAv_m v_1k=~iAv_1.k=i*A_1*k (24)
holds. These equations are formally identical with the
Egs. (11) for complex characteristic values if one
considers — 1 to be two conjugate complex characteristic
values —1 and —1* of A, which happen to coincide.
The v.i belong to the characteristic value —1, the
o_ to the characteristic value ~1* Equation (24)
becomes a special case of (11) if one sets (—1)}=g;
(=19 =g*=—
3.

On summarizing the preceding results, we can
characterize an antiunitary operator by two sets of
vectors, which jointly form a complete orthonormal
set, together with the characteristic values wi,wi1*ws,
wz*,- - - belonging to the second set. These characteristic
values are pairwise conjugate complex, of modulus 1,
but are not equal to 1. The first set of vectors are
invariant under the antiunitary operator, ie., (18)
applies to them; (11) is valid for the members of the
second set. The w may also be equal to —1, but this
characteristic value always occurs in pairs and one
member of the pair is denoted by — 1, the other by — 1*,

It will be shown now that any two sets of vectors
91 and 2. which jointly form a complete orthonormal
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set, together with the corresponding w, give an anti-
unitary operator by means of (4), (11), and (18). In
other words, the sets vy and v, are not subject to any
further conditions except that there are just as many
vectors bearing the index w as there are with the
index w*. The number of vectors in the first set is arbi-
trary and so are the values of w except that w1, [w] =1
and they occur in conjugate complex pairs.

In order to prove the preceding assertion we consider

two vectors ¢ and ¢ and expand them in terms of the
orthonormal set

¢=Z ak‘vlk+z: bwkvwk
k wk

(25)
¥=2 adu+t+2 duor.
k wk
A ¢ and Ay are then given by
4 = Z ak*vlk"l‘z buk* (w*)*’l)‘,,tk
k wk
(26)

AY=Y c*ont+2 dur* () *v .
k wk

Both conditions (1) and (2) of the antiunitary nature
of A can be verified to be consequences of (26) and the
orthonormality of the vz, ., provided that

(@)= (h)* [o|=1. @7

For w=—1, this last condition is spelled out explicitly
in (23). As was mentioned before, (27) can most simply
be assured for complex w by using that sign for w? for
which the signs of the imaginary parts of w and of «?
are the same.

4.

Evidently, the two sets 9, v and the corresponding
w completely determine 4. Conversely, 4 determines
the number of vectors contained in the set »y—this is
the multiplicity of the characteristic value 1 of 4%2—and
the value of the w and their multiplicities. However,
the vectors » are not completely determined by 4 and
the present section will be devoted to the determination
of the freedom that remains in the choice of these
vectors.

Let us denote two other orthonormal sets which
characterize the same antilinear operator by wy and
Wk Since the wy: form a base for the characteristic
functions to the characteristic value 1 of A=A42
they are connected with the vy by a nonsingular
transformation

W= Z Txil1l. (28)

In fact, it follows from the orthonormality of the vy
and of the wy that r is unitary. This is, however, not
the only condition on r: If the vectors wy are to be
invariant under 4, i.e., if they satisfy (18),

Awp=)_ g Avy=2 r*ou=wu, (29)
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the 7,; must be real. Hence, two different invariant
sets of vectors of the same antiunitary operator are
related to each other by a rotation

(30)

r=r* r'=rrt=1.

The prime denotes the transpose, the dagger the
Hermitian adjoint.

For complex w, the sets w.; and v, span the same
linear manifold. Hence, we have

(1)

Wk =2, et V01,

and it again follows from the orthonormality of the
w, and 9, that % is unitary. By calculating Awu
again, we find

Aw‘,,k=2 ukl("’"Av‘.,l=Z ukz("’)'(w*)*qu, (32)

so that if we want Awg = (w*)tw, to remain valid,
we must have

(") =gy (@) (33)
i.e.,, the unitary transformations which belong to
conjugate complex characteristic value are conjugate
complex.

The preceding argument does not apply if w=-—1.
It is indeed clear that in this case the w_,, may be
linear combinations of the 7_y; and of the v_;x because
all these belong to the characteristic value —1 of A.
Hence we set

W= Sy 2 livoix (34)
The condition (24) that w_j4=144w_ 1 now reads
w_p =14 Q. syt 2 tev_1e)
=2 su*tAv Y ha*iAv_
=2 =t rut X e (35)

Hence, the sets of vectors w_; and w_y are obtained
from the sets v_y, v_ix by the transformation

s

S=‘ . . (36)

—* s*

This will guarantee that (24) is valid for the w_;, w_;«
if it is valid for the v_,, v_y» because the second set of
Egs. (24) can be obtained from the first set by applying
A to these. However, in order to make the w_;, w_;+ an
orthonormal set, the S of (36) must be unitary. The
conditions for this are obtained by setting SSt=1 or,
in terms of the submatrices s and ¢,

sstit=1 st'=ts'. 37
It is easy to see that if the conditions (37) are satisfied,

S becomes a simplectic matrix, i.e., it leaves the form

Ll

F=
H~1 0 (3



412

invariant in the sense that

SFS'=F. 39)

It follows that the sets w._m, w.14 are obtained
from the sets ©_y, v.m by a unitary simplectic
transformation.

The calculation of the last paragraph shows that the
role of vectors v, vem for w=—1is quite different from
the role of the vectors vu, v.s for complex w. The fact
that the same Eq. (24) holds for w= — 1 and for complex
w is somewhat accidental.

It may be well to note at this point that the equation

Aw=rw (40)

with complex » does not imply that » is one of the w.
In fact, (40) holds with w= (»})*s;, and an arbitrary ».

5.

Lastly, we shall determine the number of free
parameters in an antiunitary transformation which
can be characterized by / invariant vectors; 2m vectors
with the characteristic value —1; 2p different complex
characteristic values with positive imaginary parts
and their complex conjugates with multiplicities
61,62, - ,¢,. These are then also the multiplicities of
the corresponding conjugate complex characteristic
values. Hence,

H2m+-2e1+2¢0+ - - -+ 2¢,=n,

where # is the number of dimensions of the underlying
Hilbert space which will be assumed to be finite
- dimensional in the present section.

The number of free parameters will be calculated by
adding the free parameters necessary to characterize
the complete orthonormal set v1;, v,: and the w, and
subtracting the number of parameters contained in the
transformations which alter the » but leave 4 un-
changed. These were determined in the preceding
section,

A complete orthonormal set in # dimensions can be
characterized by 2n—1+(2#—3)4---+3+1=#2 pa-
rameters. The number of free parameters in the o is
just p. Hence, n?4p parameters are necessary to
characterize the v and the w.

A rotation in the /-dimensional space of the vy does
not change A. The number of parameters of such
a rotation is }/(!—1). Similarly, a 2Zm-dimensional
unitary simplectic transformation remains free for the
vectors vy, - *, U—im, _p#1, *°*, U-1tm. Lhe number of
parameters of such a transformation is m(2m--1).
Finally, an arbitrary unitary transformation of the
VeCtors 9.1, Vw2, ' - leaves A also unchanged if the
conjugate complex transformation is applied to the
VECLOTS %us1, Vovs, ' . Lhe number of parameters in
such a transformation is just the square of the cor-
responding c. Hence, the total number of free parame-

(41)
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ters in the antiunitary transformation is

p=ntto—H(—1)—m@m+1)—3 o
1

== ) =m@m )= (2—1).  (42)

For even #, the number of parameters is just »?® if
all the characteristic values are complex and simple.
Two invariant vectors decrease the number of parame-
ters by 1, two characteristic values —1 by 3, if a
complex characteristic value is doubly degenerate
(the same then holds for the conjugate complex
characteristic value) the number of parameters is also
decreased by three.

The number of free parameters is also #? if # is odd
and there are n—1 simple complex characteristic
values and one invariant vector. Multiplicities among
the complex characteristic values and the presence of
a characteristic value —1 (which is always at least
double) reduce the number of free parameters as in
the case of even .

The fact that the number of parameters is #* in the
general case could have been inferred from the possi-
bility of representing an antiunitary transformation
in the form (6), i.e., as the product of a unitary trans-
formation and complex conjugation. The number of
free parameters in an n-dimensional unitary trans-
formation is just #% The decrease in the number of
free parameters (by 3) caused by the presence of a
single pair of characteristic values —1 is remarkable.

6.

The preceding results will now be formulated in the
language of projection operators and thus extended to
the case in which there is a continuous spectrum.
However, the proofs, which are rather obvious, will
be omitted.

Consider again the unitary operator A=42 If 1 and
—1 belong to the point spectrum of A, denote the
corresponding projection operators by E; and E_;.
The projection operator which belongs to an interval
J of the unit circle in the complex plane will be denoted
by Ej;. All these projection operators are self-adjoint,
commute with A and with each other; the product of
two of them is equal to the projection operator which
corresponds to the intersection of the domains to
which the two factors correspond. Furthermore,

AE,=E, AE =—E_; HmAE;= @EJa (43)

where the lim in the last equation indicates that J is
an infinitely narrow interval around ». We define the
antiunitary operators

Ay=AE, A_y=AE_, AJ“-—‘AEJ, (44)

then

A =A1+A~1+lim Z AJ. (45)
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The lim again indicates that the intervals J are
infinitely narrow; they cover all the unit circle with
the exceptions of the points 1 and —1. The intervals J
will be assumed to lie either entirely in the upper
half-plane, or entirely in the lower half-plane. The
interval J* will be the conjugate complex of the
interval J.

It is good to recall, for the rest of this discussion,
that A~ is also an antiunitary operator and is, in fact,
given by

A'=A"14 =AML, (46)

A transforms every projection operator into the
projection operator which corresponds to the conju-
gate complex domain

AEA7'=E, AE \A7'=E_, AE;47'=En. 47)

These equations can be given a variety of forms by
combining them with (43) and (44). The most interest-
ing of these forms gives the projection operators in
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terms of the 4 ;. Thus

Al=AEAE,=FEAE;=E\AE\=E*=E;. (48)
Similarly,
A_P=—E_; lmAdpd;=wE,. (49)
Whereas, if J and L do not overlap,
ApA;=0. (50)

These equations form a substitute for the equations
involving the characteristic vectors » of 4. As an
example, we show that v_y; and Av_y are orthogonal
or, in the present language, that E ;¢ and AE_¢ are
orthogonal for any ¢

(E.1p,AE_190)= (A2 E_10,AE _1¢)
= (—‘E_1<p,AE_1(p) =0.

The second form follows from the antiunitary nature
of A, the third from (43).

(51)
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It is well known that one always can find as many orthogonal states (i.e., states between which the
transition probability is zero) as the Hilbert space has dimensions which are invariant under a given unitary
transformation. The corresponding vectors are characteristic vectors of the unitary operator. In contrast,
most antiunitary operators leave not more than one state invariant. However, if there are two orthogonal
invariant states, a consideration of the states for which the transition probability is 4 into both invarant
states surely provides a distinction. In the antiunitary case, one of these states is also invariant, another
one is transformed into an orthogonal state, the rest are in between. In the unitary case, the transition
probability between original state and transformed state is the same for all states for which the transition
probability is % into two orthogonal states. This provides a “directly observable” distinction between

unitary and antiunitary transformations.

1.

THE invariaice transformations of quantum
mechanics are transformations in a complex
Hilbert space which leave the absolute value of the
scalar product of any two vectors ¢, ¢ invariant:

| (o) | = (Te,T¥)|. 1)

The reason for the invariance of (1) is that this absolute
value (or, rather, its square) is, according to the usual
physical interpretation of quantum mechanics, opera-
tionally meaningful: It is the transition probability
between the two states characterized by the two
vectors ¢ and ¢. It is well known that the transforma-
tions T which satisfy (1) fall into one of two categories:
They can be unitary or antiunitary.

The last statement should be formulated more
precisely. The physical state does not determine the
state vector ¢ completely, all multiples of ¢ (the
whole “ray of ¢") describe the same state. It is
customary and useful to normalize the state vectors,
i.e., to choose a vector from the ray of ¢ which is
normalized,

(e,0)=1. 2)

Even then, a phase factor (i.e., a factor of modulus 1)
remains free in ¢. The same applies to the transformed
state, the ray of T'¢. Note that (1) remains valid if
¢ ¥, Te, and Ty are multiplied by arbitrary phase
factors. The precise formulation of the statement at
the end of the preceding paragraph stipuldtes the
possibility of a certain choice of the state vector from
the ray of the transformed state, which corresponds
to any choice of a state vector ¢ from the ray of the
original state. The choice referred to therefore replaces
the physically given ray correspondence by a vector
correspondence. The theorem states that the choice
can be made either in such a way that for any two
state vectors ¢, ¢ and any two numbers ¢ and b,

T(ep+W)=aTe+bT¢ and (e¥)=(Te,T¥) (3a)

(unitary case), or in such a way that
T(ep+t)=a*Te+5*TY and (ed)=(T¥,T¢). (3b)

In the latter case T (and also the ray correspondence
from which it derives) is called antiunitary.

It is easy to show, by abstract reasoning, that no
transformation can fall into both classes, i.e., that if
the choice of T'p from its ray can be made in such a
way that (3a) becomes valid, it cannot be made in such
a way that (3b) becomes valid, and conversely.

It follows that it must be possible to ascertain the
unitary or antiunitary nature of a transformation by
considering only transition probabilities, i.e., absolute
values of scalar products. However, it may be of some
interest to spell this out in detail, and it is the aim of
the present article to do this. Use will be made, for
this purpose, of the normal form of antiunitary
operators obtained in the preceding article.! Similarly,
the unitary operators will be described by their
characteristic values and the corresponding character-
istic vectors.

We note for further reference that if ¢ and ¢ are
normalized state vectors, they represent the same
state if =y with an arbitrary w of modulus 1. In
this case | (¢,¢)| =1. On the other hand, if

(o) =0, )

o and ¢ represent states which have, at least in some
respect, opposite properties. If (4) holds for two states,
we call them orthogonal: The transition probability
between them is zero. Orthogonality is, therefore, an
operationally verifiable relation between two states. The
number of the mutually orthogonal states is equal to
the dimension of the underlying Hilbert space. We shall
assume henceforth that this is larger than 1.

' E. P, Wigner, J. Math. Phys. 1, 409 (1960), preceding article.
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2.

Let us consider, first, the states which are left
unchanged by the transformation. For these,

Te= we, (5)

and we shall call them invariant states. If T is unitary,
¢ is one of its characteristic vectors. It follows that
there is at least one set of mutually orthogonal states
which contains as many members as any set of mutually
orthogonal states contains. In particular, unless there
are at least two orthogonal invariant states, the
symmetry operator cannot be unitary and must be,
therefore, antiunitary.

If the spectrum of the unitary operator is simple,
the invariant states are isolated, but if it has a char-
acteristic value of multiplicity /, the corresponding
invariant states form a continuous manifold with 2/—2
parameters. The characteristic functions have ! com-
plex or 2/ real parameters but the normalization
condition subjects these to one real equation and one
real parameter, characterizing the phase factor, is
physically meaningless.

Let us consider now an antiunitary transformation.
We decompose the state vector into the invariant and
characteristic vectors of the operator T

=2 et 2 burbur- (©6)
k wk

If Te=w'¢ (ie., ¢ is an invariant state), we can
consider ¢'=w'tp and have

To'=(W)*T o= (") we= (" *o=¢"

Q)

Since ¢ and w'*e represent the same state, it suffices,
in the antiunitary case, to find those state vectors for
which

Te= . 8
Since, for the ¢ of (6)
Te=Y a*vut2 bar* () *vume
=Y atfvutd bow¥wlvo, 9
¢ will satisfy (8) if
a=a* (10)
and
wtbn* = b (11)

Since (11) must hold for all w and all , w can be replaced
therein by w* to give

(w*) ib‘.,k* = bw*k or bwak* = w’b,,,k. (12)
Insertion of the latter expression into (11) gives
wher= box oOr b= 0 (13)

since w#1. It follows that if the symmetry operator
is antiunitary, the invariant states can be descn.bed
by invariant vectors, i.e., by real linear conbinations

of the 3.
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It follows that the structure of the set of invariant
states is, in general, very different for unitary and
antiunitary operators. An antiunitary operator may
have no invariant state, or it may have only one.
However, no matter how many invariant states it has,
they form a continuous manifold each member of
which can be changed continuously into any other.
If the antiunitary operator has # orthogonal invariant
vectors, the manifold of invariant states is an n—1
dimensional continuous manifold. Its state vector can
be described by # real coefficients the sum of the
squares of which is 1. There is no arbitrary phase
factor in this case because (8) already determines the
phase factor.

3,

The number and topological properties of the
invariant states actually permit a phenomenological
distinction between unitary and antiunitary trans-
formations. The following distinction is, however, more
direct.

Consider two orthogonal invariant states, ¢; and ¢s.
Ii there are no such, the transformation is surely
antiunitary. Next, consider the states for which the
transition probability is 4 into both ¢; and ¢,. The
state vectors of these states are

Va=2"1(p1te%py).

Consider finally the transition probability of these
states into the states Ty,

(14)

P(a)= l (‘Pa;T‘/’a) ]2- (15)
If T is unitary,
TYa=2"H w101t €“w202), (16)
and the transition probabilitygbecomes
P(a)=1| (1€, w101 e 0s) |2 =1 | wy+ws|?
=3(14Rewws*). an

It is independent of «, i.e., the same for all the states
Y. with transition probabilities % into ¢; and ¢..
Let us assume next that 7 is antiunitary. In this case

TYa=2"Y 1t e = p), (18)
and the transition probability becomes
P(@)=1|(erte=es, orte gy |2=1[1+4¢ 2|
=3 (14-cos2a). (19)

It varies, for the states in question, between 0 and 1.

The preceding argument can yet be greatly
generalized. In the unitary case, if the transition
probabilities into # orthogonal invariant states
@1, @2, ', ©n are prescribed to be r?, 7%, -+, 7,2 50
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that
=1, (20)
the general form of the state vector is
¢al .. 'ﬂln=z rkei“"gok, (21)

with arbitrary ey, - - -, ay. Nevertheless, the transition
probability from any of these Yay:--an into the cor-
responding T¥a; - -ay is the same, namely,

| War- - -an,Tar- - -an) |2
= (X e o1,y rieiet wp) 2

=X ndw |2 (22)

EUGENE P.

WIGNER

In the antiunitary case, on the other hand,

TYay - an= Z rke“""’%pk, (23)
and the transition probability becomes
| (oo Tar- - -an) | 2= | 20 rite 22 (24)

Unless one of the 7 is larger than 1, this still will
assume every value between O and 1 for suitably
chosen e.

The striking difference in the relation of the original
and transformed states to each other shows particularly
clearly how definite the relations in question are in
either case.
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Since irreducible tensorial sets that represent observables are of integral degree, their transformations
under coordinate rotations have real representations. Real representations, with rows and columns classified
by eigenvalues of the commuting operators J.2 and exp (irJ,), are given explicitly, so that complex functions
of rotation angles need not be used. The addition of angular momenta is worked out for sets in the real
representation such as the sets of real orbital wave functions. Applications to the theory of angular distribu-

tions are discussed.

1. INTRODUCTION

HE quantum theory of the coupling and recoupling

of angular momenta constitutes an extension of
vector algebra which has applications in macroscopic as
well as in atomic and nuclear physics. The elements of
this algebra have been called “irreducible tensorial sets”
in a recent publication.! (Eigenstates of an atomic
system with a given angular momentum quantum
number j and different magnetic quantum numbers m
constitute a typical example of irreducible tensorial set
of 2541 elements and of “degree” 7.) In the same refer-
ence it was emphasized that calculations with tensorial
sets can be carried to their final analytical result
treating each set as a unit, as a vector is usually treated;
that is, without considering explicitly the individual
elements of the sets or their transformation law under
coordinate rotations. Set elements and their trans-
formations become relevant when a final result, for ex-
ample an angular distribution of nuclear radiation, has
to be evaluated numerically. Thus, even though irre-
ducible sets can be expressed in different alternative
representations, related to one another by unitary
matrices, the choice of a specific representation may
become relevant only at the last stage of a calculation.
In accordance with current practice of quantum
physics, FR! considered primarily a “standard” repre-
sentation of irreducible sets in which each set element is
an eigenstate of coordinate rotations about the z axis,
and therefore gets merely multiplied by exp(imy) under
such rotations, This standardization causes the trans-
formation law—which is an irreducible representation of
the rotation group—to be complex. Complex trans-
formations are unavoidable when one deals with the
wave functions of Fermi particles, but it should be
noticed that no wave functions appear in the final
results of many calculations with tensorial sets. Final
results involve probabilities rather than probability
amplitudes and often take the form of invariant
products of tensorial sets of integral degree, which repre-
sent observables, such as, e.g., the response character-
istics of a polarimeter. Tensorial sets of integral degree
and their transformations under coordinate rotations

1. Fano and G. Racah, Irreducible Tensorial Sets (Academic
Press, Inc., New York, 1959); this book will be referred to as FR.

which relate, e.g., the orientations of different parts of
an experimental arrangement can be expressed in real
form. This possibility should enable physicists to apply
the results of analytical calculations without any use of
complex numbers.

It may therefore be worthwhile to describe the charac-
teristics of real irreducible tensorial sets and the explicit
form of their transformation law, Examples of irre-
ducible real sets of degree [ are the set of real components
of the electric 2%-pole moment of a system of charges and
the set of 2/+4+1 spherical harmonics ®;m(6) cosme,
®1n(0) sinme. It is perhaps a curious historical accident
that the properties of these sets do not seem to have
been described systematically thus far.

Irreducible sets in “standard” form have a simple
structure, in that each of their elements is classified by
an eigenvalue of the infinitesimal rotation operator J.,.
It is the diagonalization of this operator that causes the
transformation under rotations about the 2 axis, repre-
sented by the operator exp(i¢J.), to be complex. To
analyze the structure of real sets with real transfor-
mations, we shall have to diagonalize two different
operators rather than a single one, so that two quantum
numbers will be required to classify each element of a
real set. As a compensation, the new scheme of classifica-
tion emphasizes reflection symmetries that tend to be
overlooked in the standard formulation and reduces the
matrices of rotations about the y axis to pairs of separate
submatrices.

Our first task will consist of providing a suitable
classification for the elements of a real set (Sec. 2). As a
next step, the unitary matrix Q will be constructed that
serves to transform standard (or contrastandard) sets of
integral degree into a ‘“real-standard” form, or vice
versa (Sec. 3). This matrix will then be applied to the
transformation law of irreducible sets under coordinate
rotations (i.e., to the irreducible representations of the
rotation group) to convert them from their usual stand-
ard form into a real-standard form (Sec. 4). Finally, it
will be shown in Sec. 5 how irreducible products of
irreducible real sets are constructed by means of Wigner
coefficients transformed by the matrix Q. (This pro-
cedure enables one, e.g., to carry out the addition of
orbital momenta of atomic particles starting from real

417
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wave functions.) Some applications will be discussed in
Sec. 6.

The material thus developed may be regarded as a
complement to Chaps. 5-7 of FR. The treatment of
multiple coupling and recoupling of irreducible sets in
the following chapters of FR applies equally to irre-
ducible sets in different representations. The results

. should be particularly relevant to applications of Chap.
19 of FR.

2. QUANTUM NUMBERS

Since the elements of an irreducible tensorial set ex-
perience a linear transformation (called ‘“‘r-transforma-
tion” in FR, Chap. 2) when the system of space
coordinates rotates, there is a one-to-one correspondence
between the set elements and the rows or columns of the
r-transformation matrices. It is convenient to study first
the structure of these matrices, and in particular of the
related Hermitian matrices J ,, J,, and J, pertaining to
infinitesimal rotations, and then to classify the tensorial
set elements accordingly (FR, Chap. 3 and Appendix
B). Owing to the commutation laws J,J ,—J,J =1/,
etc., any two of these matrices determine the third one;
in particular, if two of the matrices are imaginary
the third one is imaginary too. We shall focus on
Jy and J, since a general rotation is expressed in
terms of Euler angles by the product of operators
exp(iJ.) exp(i8J ) exp(ip].).

As pointed out in the foregoing, the matrix J, cannot
be diagonal and different from zero in a real representa-
tion, because the r-transformation matrix exp(i¢J.)
would then be complex. Indeed, all three matrices J,
Jy, J. must be imaginary in a real representation (FR,
Appendix C). Now, if J, is imaginary, J,? will be real.
Therefore J,? can be real in a real representation. We
shall consider in this paper a real-standard representa-
tion in which J,?is diagonal and in which its eigenvalues
are indicated by m2. When one deals with irreducible
sets of integral degree ! and with J, diagonal, the
eigenvalues of J, run from —! to J. Therefore, J.? has !
doubly degenerate eigenvalues m?, where m is an integer
between 1 and /, and the nondegenerate eigenvalue
m?=0. Accordingly, we shall use m as a “quantum
number,” i.e., as an index to label the elements of a real-
standard irreducible set. A single set element will be
labeled with m=0 and / pairs of elements with each of
the other values of m. Thereby, the element with m=0
is completely identified ; this element is also an eigen-
vector of J,, corresponding to J,=0, and remains in-
variant under coordinate rotations about the z axis.

An additional index is required to distinguish the set
elements of each pair with m#0. This index must be an
eigenvalue of an operator that commutes with J.% One
such operator is exp(¢wJ,), which represents a rotation
of 180° about the y axis, and therefore changes J into
—J.. Since [exp(¢xJ ,) J?=1, for a set of integral degree,
exp(imJ,) has only the two eigenvalues =1. That is,
exp(ixJ,) represents a parity operation.

U. FANO

The single set element with m=0 has the same parity
with respect to exp(srJ,) as the element with J,=0of a
standard set of the same order. This parity is (—1)* (see
FR, p. 23). We shall classify the elements of a real
standard set with m>£0 according to their parity relative
to that of the element with m=0. That is, we represent
the eigenvalues of exp(¢wJ ;) in the form (—1)'P, where
P=1 serves as a parity quantum number.

A real-standard set of degree ! will be indicated by a
boldface Roman letter with a superior index, e.g., a‘¥,
and its individual elements by the corresponding non-
boldface letter with subscripts m and P,

al l)mP, (1)

where P=+1 for m><0 and P=1 for m=0. The index
P may be indicated simply by + or —, if convenient,
and may be omitted for m=0.

The coordinate rotation represented by exp(inJ,) is
related to coordinate reflections. The operation I of
coordinate inversion (i.e., reflection at the origin) com-
bined with exp(¢wJ,) yields a reflection on the xz plane,

R..=Iexp(in],). (2)

A tensorial set of degree / constructed as the product of
I polar vectors has the parity 7= (—1)% The elements of
this set have then the parity Ra,=(—1)}(—1)'P=P.
In general an element of a real-standard set has parity
=+ P withrespect to R, according to whether / = ==(— 1)
When the lower sign obtains, as it does for the sets of
components of axial vectors, the set might be said to be
of “pseudodegree” /, in analogy with the fact that axial
vectors are called pseudovectors.

Notice that the operators J,? and exp (4wJ ,) commute,
respectively, with the operators exp (z¢J.) and exp (67 ),
which represent rotations about the 3 and y axes. There-
fore m and P are, respectively, ‘“good” quantum
numbers under these separate operations. This is im-
portant because any rotation is usually resolved into a
sequence of Euler angle rotations about these two axes.
That is, the matrix exp(Z¢J,) reduces to / submatrices
corresponding to the eigenvalues of J,? and the matrix
exp(#0J,) to two submatrices corresponding to the two
eigenvalues of exp(swJ,).

3. MATRIX Q®¥

In this section we construct the matrix Q¢ that
transforms a standard set of degree ! into a real-
standard one as indicated by the formula

a(l)=Q<l)a(l). (3)

A contrastandard set (see FR, pp. 22-23) is transformed
according to the corresponding formula

b(l):Q(l)#h[H-__ ﬁ[l]Q(l)-l_ (3/)

Each row of Q® is labeled by a pair of values of the
two quantum numbers m, P, except that P is auto-
matically 41 and may be omitted when m=0. Each
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column could be labeled by a value of the single
quantum number m which is an eigenvalue of J, and
identifies an element of a standard or contrastandard
set. However, since J,? is also diagonal when J, is, we
may set

m=Sm, S==+1, )

where m? is an eigenvalue of J,2. Each column of Q¥
will then also be labeled with a pair of values of the two
quantum numbers m, S, except that S is automatically
+1 and may be omitted when m=0.

Since the elements of both standard and real-standard
sets are eigenvectors of J,2, the matrix QP commutes
with J.? and accordingly reduces to submatrices, one for
each value of m. The single elements with m=m=0o0fa
standard set is only multiplied by a phase factor N,
when the set is transformed by Q. It will be seen that
the whole matrix depends on / only through this factor,
so that we have

(m'P{QP|mS) =N, (P[S)™ bumrm, &)

where (P|S)™ indicates a unitary 2X2 matrix for
m#0, but is just 1 for m=0, and where |N;[?=1.

To complete the calculation of the matrix QO it
suffices to specify a set of spherical harmonics Y¥ (8, ¢)
that shall be regarded as real-standard and observe how
it relates to the contrastandard §1%(8,¢) described in
FR, p. 25. There is some arbitrariness in the choice of
the relative sign of the different elements of Y(¥(8,¢).
Our choice will be such that the three elements of
Y®(8,¢) coincide with the Cartesian components of a
unit vector in the direction (8,¢). Indicating the two
values of P simply by + or —, we set

Y(l)m+ (07 ﬂo) = W_*(le (0) cosme, (63)
Yy (8,¢) =741 (6) sinme, (6b)

Y®o(6,0)= (2r)~4®10(0)
=[(2l4+1)/4x ]} Pi(cosf), (6c)

where the Py, are the associated Legendre polynomials
normalized according to Bethe.? Since the contrastand-
ard harmonics of FR are

P, =1 — 1) (2x)}Pum(6) exp(ime)

[where the factor (—1)™ stems from the Condon-
Shortley normalization], and since (3') implies that
9=Y®Q®, the matrix Q¥ is easily seen to be given

by (5) with
y (5) wi (— )

Ni=i, (P|S)™ =4/} ) (for m><0). (7)
(1)

—1

4. ~-TRANSFORMATIONS

The real-standard r-transformation matrix of degree /
is given by Q¥ DMQ®-1, where D is the standard
matrix on page 22 of FR and Q¥ is given by (5) and (7).

2H. A. Bethe and E. E. Salpeter, Encyclopedia of Physics
(Springer-Verlag, Berlin, Germany, 1957), Vol. 351, p. 431.

OF COORDINATE ROTATIONS
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Any r-transformation matrix expressed as a function of
Euler angles factors out (see, e.g., FR, p. 140) in the
form

D f,0)= ¢ see ®)

The first and last factors of this expression are trivially
simple only in the representations where J, is diagonal.
Therefore we shall transform each factor of (8) sepa-
rately.

As a preliminary it may be worthwhile to write the
real-standard forms of J, and J,. From Eq. (5.1) of FR
and from (5) and (7) of the foregoing, we find

(m'P’| J;|mP)
=T gs(P'| )™ (m'S’| J.| mS)(S| P)=
=) s(P'|S)™Sm(S|P)™dmm
=1mMPdm'mb_p'p,
(m+1, P'|Jy|mP)
=Y ws(P'|S) =D (m4-1, S| T, | mS)(S|P)=
=X (P'|S)@+)(—iS)3[1(+1) —m(m+1) ]H(S| P)™=

for m#=0, (9)

=i3[1(1+1)—m(m+1)J#8pp, for m>#0, (10a)
(1P|J,]0)
=Y (P|S)M(1S|J,|0)=4[4/(4+1)]%p1. (10b)

All other elements of these matrices vanish or are
Hermitian conjugates of those given here.?

It follows readily from (9) that a coordinate rotation
by an angle y about the z axis is represented by the real-
standard r-transformation matrix
(mlpr]eiw;|mp)

=68m'm[6p p cOSIY~—5_ppP sinmy .

(11)

Therefore this rotation transforms a real-standard set
a‘® into a set a®’ whose elements are*

(A)

The real-standard form of the matrix exp (67 ,) will be
obtained directly by transformation of the standard
form whose elements are the functions D m(f) dis-
cussed in FR, Appendixes D-F. The d’s with positive or

a®,p'=cosmy aWy p+ P sinmy aPy,_p.

3 The magnitudes of the matrix elements (9) and (10) could have
been obtained directly, i.e., without resorting to transformation of
the standard matrices, from the characterization of real-standard
sets in Sec. 2 utilizing the commutation rules of the J matrices in
analogy with the treatment in FR, Appendix B. The choice of
signs in (9) and (10) involves an arbitrary convention equivalent
to that performed in (6). Therefore the values (9) and (10} of the
real-standard matrix elements could have been taken as a point of
departure instead of (6), and the values of the matrix elements
(P|S)= could have then been obtained by solving (9) and (10).
The value of N; can be determined, to within an arbitrary sign
which is otherwise fixed by comparing (6) with (5.18) of FR,
from Eq. (C.11) of FR which requires that (m’S’]Q"’Q(‘>]mS)
= (m’S' | UP | mS) = (— 1) ™5prmb_g's.

4When this transformation is applied to the set Y(¥(,¢), it
should be kept in mind that the coordinate rotation by ¥ about the
z axis charges the variable ¢ of these harmonics into ¢— rather
than into ¢-+y. This remark applies also to rotations about the y
axis.
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TABLE 1. The matrices dPp, p(8) for I=1, 2, 3.

I=1 P=1 I=1 P=-—1
m/ 1 0 m’ 1
m m
1 cosf —sing 1 1
0 sing cosf
1=2 P=1 =2 P=-1
m’ 2 1 0 m’ 2 1
m m )
2 3 (cos®+1) —cosf sind 3v 3 sin? 2 cosd —sind
1 cosf sind 2 cos®h—1 —+ 3 cosf sinf 1 sinf cosf
0 3v 3 sin% v 3 cosf sind 1(3 cos9—1)
=3 P=1
m’ 3 2 1 0
m .
3 1 (cos¥+3) cosd —+' ¢ (cos®+1) sind 1415 cos sin® —+ § sin®
2 v £ (cos®+1) sind #(3 cos®—1) cosd —v § (3 cos?d—1) sind $V15cosfsin¥
1 1415 cosf sin% v§ (3 cos®¥—1) sind 1(15 cos¥—1) cosd —+v § (5 cos®¥—1) sind
0 v § sin¥ 3+ 15 cosf sin¥ v 2 (5 cos®—1) sind 3(5 cos¥—3) cosf
=3 P=-1
m’ 3 2 1
m
3 £ (3 cos¥+1) —+ £ cosf sind 1y 15 sin% .
2 v % cos# sinf 2 cos®—1 —+' £ cosf sind
1 1y 15 sin% v £ cosf sinf 1(5 cos9—1)

negative indices (m/,m) can be expressed in terms of
those with positive indices only, evaluated at 6 and
7—0, utilizing the symmetry properties represented by
Eqgs. (D.24, 25) of FR. We have, for m’, m>0,

(mlsl l ety l mS)
—— b(l)S’.m’,S-m(o) =6S’8Sml_mb(l)m'm(0)

F(— D)™y sS™ DD o (r—6), (12a)
and, for m’=0,
(0] 65| mS) = DDy 5.m(6) = 5™ DDy m(6). (12b)

Transformation with the matrix Q¥ yields now
(m'P’| e’y mP)
=8pp AV mp(6)
=0p p{(— 1) ™D ra (0)+ (= D)'P DOy (r—6)},
for m/, m?éO‘, (13a)

(0]¢**/s|mP)
=8p1 AP oy () =8p1(—1)™V2 D P4 (6)
4 \}
=5P1( ) ®a(8), for m=<0, (13b)
2+1
and finally

(0]€®7v|0)=d W oe(8) =P g0(8) = Pi(cosh). (13c)

These equations serve as definitions of the new func-
tions AP rmp(d), in which the value of P will be indi-
cated by a + or — sign. According to (13), a coordinate

rotation by an angle 8 about the y axis transforms a
real-standard set a‘? into a set a‘®’ whose elements are*

a(l)m’P’=Zm d(l)m’mP(g) a»(l)mP. (B)

We have thus obtained separate transformation formu-
las for the set elements with different values of P, as
anticipated in Sec. 2.

As a result of the factoring represented by (8), any
real-standard r-transformation can be carried out by
repeated application of Egs. (A) and (B). Whereas (A)
involves only sines and cosines, (B) involves the func-
tions dPymp(f), which are defined by (13) in terms of
the 8P/ (6) and can be calculated using the algebraic
expression for the b on page 143 of FR. Table I gives
the dPpmp in terms of sines and cosines for =1, 2,
and 3.5 Notice that the d® have, like the d?, the
symmetry property®

d(l)mm' (0)2 (_ 1)m—m’d(l)m,m(ﬂ). (14)

5 The functions d‘”mmp are not normalized independently of
each other, because the normalization property of r-transforma-
tions, given by Eq. (A.32) of FR, concerns only the complete
matrix DY (Y,0,¢). The resulting normalization of the d(® is
Zpfo* [APmimp (0)F sind dd=8/(2l+1), for m, m’s<0, where the
factor 8 makes allowance for the fact that the mean square of
cosmy or sinmy’ is 1.

¢ This property and the properties (D.23-25) of FR rest on
simple geometrical considerations. Since the matrices d® and
are real, their transposition amounts to an inversion, i.e., to re-
placing e**/v by ¢ *#7v. The negative rotation ¢~%/» is in turn
equivalent to the sequence of positive rotations ei*/:i#/veiv7s
where ¢i77: is diagonal and equal to (—1)= and (—1)™, respec-
tively, in the two representations. The remaining symmetries,
including the symmetry of (13) under the replacement of § by
w0, follow from the fact that iy = gir/vgi—0)Jy,
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5. IRREDUCIBLE PRODUCTS

The concept of irreducible product of two irreducible
tensorial sets (FR, Chap. 7) is, in essence, independent
of the representation in which the set elements are
specified. Accordingly, it applies to real-standard as well
as to standard sets. However, the procedure for the
actual construction of the elements of irreducible
products has been described in FR and in other refer-
ences only for standard or contrastandard sets. In order
to construct irreducible products of real-standard sets
one can convert these sets to their standard form, by
means of the transformation Q~, take their product in
accordance with FR, and then convert it back to real-
standard form. We define, then, the irreducible product
of degree / of two real-standard sets a®*? and b¢? by

[att X b2 ]V = QB[ XD -
=QW[QU-19t0 X QUI~THD D, (15)

The construction of irreducible products of two
standard sets, as described in FR, consists of reducing
the elements of the reducible direct product set
ambm, by means of a unitary transformation
matrix M which diagonalizes the operator J2= (J1+J2)2
The elements of this matrix M are the Wigner coeffi-
cients (lodm|limiloms). To construct the irreducible
products (15) of real-standard sets directly we have to
calculate the transformed matrix QWMQ(W-1Q02—1
This matrix will reduce the direct product set
Al m1p b2 mopy.

We set, then,

[a(h)xb(lz)](l)mp
=Zm1P1m2P2(lllQZ m P[llmlPl,lzmng)

XaW mip b meps,  (C)
where
(Ided m P|lymy Py lomyPs)
=N, stlsg(Pl S)Ym (1,1, Sm] 1:51my,loSmy)
X (S1| P1) ) (Sa| Po)®» Nyt Nig~t.  (16)

The transformation coefficient on the right of (16) is a
Wigner coefficient in which Sm=2=m, etc. The result of
the calculation indicated by (16) takes a somewhat
different form depending on which among m, my, and m,
is largest and on whether any of these numbers vanishes.
It is

(JldmP|lym, Py,lms Ps)

1 -
=;2~ cos! f(ll+l2---l-|-1§ —P11+6—P21—6-—P1)]

L

X (hldm|lmy lom;), for m>my, ms, (16a)

1 [T
=— COS —(lH-lz—l+6—P11—5—P21—5—P1+2m2)]
2\ 7 V)

X (lllglmlllml, lz—mg), for m;> m, ms, (16b)
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1 T
=— COS[—(l1+lz—-l—6—P11+6—P21—6—P1+2m1) ]
V2 2

X (Idadm|li—my, lomy) for me>m, my, (16¢)
T
=COS[E(ll-}-lz—-l—}-ﬁ—Pu—5—P1)]
X (l1lzlm I llmz,ZQO), for me= 0, (16d)
T
=cos[ 5(l1+l2—l+8—1>21—5-—}>1)]
X (Ildm |[1,0,lsm;), for m;=0, (16e)
T
=COS[E(11+12—1+5-P11"'5—P21+2m2):|
X (IdalO| limy, lo—my), for m=0, (16f)

where the transformation coefficients on the right side
are the ordinary Wigner coefficients.”

The cosine factor in Egs. (16) equals =1 or 0, and
represents the effect of the selection rule that requires
the transformation matrix elements to vanish unless
they commute with exp(ixJ,); that is, unless

(—1)1P=(—1)i+p,P,, an

Tor given values of m, m;, and m, other than zero and

for a given P, this selection rule allows two alternative
pairs of values of P;, P.; the normalization factor 1/v2
in (16a—c) makes allowance for this alternative. No
such alternative arises when one of the m vanishes,
since the corresponding P is automatically 1.

The real-standard transformation matrix (16) enables
one to reduce the set of components of any ordinary
tensor of degree #, by the procedure indicated on page 41
of FR, without having to resort to an intermediate
complex transformation. As an example we give here the
result of the reduction of the set of nine components
T (¢, k==, , z) of a 2nd-degree tensor. This reduction
parallels the construction of irreducible real-standard
products [a®Xb® D with I=0, 1, 2, of the sets of
components of two vectors @ and b. Specifically, the
component T, of a tensor corresponds to the product
a:by of vector components; it can therefore be indicated
by Tis,1— just as @ and b, are indicated by aVy; and
b®,_, respectively, according to the conventions of Sec.
2. The reduction of the tensor components proceeds then

through the formula analogous to (C):
T(l)mp= Zmllesz(l 1lmP I 1m1P1,1m2P2)
X Tmypy,maps,

(18)

7 See, e.g., FR, p. 36, for definitions, notations, and symmetries,

“regarding these coefficients. Numerical tables are gwen by A.

Simon, Oak Ridge National Laboratory Rept. 1718 (Special), and
M. Rotenberg et al., The 3-j and 6-j Symbols (Technology Press,
Cambridge, Massachusetts, 1959).
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where T®p is a real-standard component of an irre-
ducible tensor T of degree ! contained in the initial
tensor with components T';;. Entering in (18) the ex-
pressions (16) with the numerical values of the Wigner
coefficients, one finds

T@y =2HToumTyy), TOs =2HToy+Ty0),

T(2)1+=2"i(Tz:+T==)’ T®, = 2_;(Tyz+Tlll)7
T®=6"3Q2T,.—T ..~ Ty,

TOy=24Tsy~Tys), TV, =2HT:—T.s),
T®e=2"4Ty,—T.y),
TO4=3"4T 1+ T yytTss)-

The elements of the products of vector components
[a®®Xb®TD are obtained by replacing in (19) T',. by
@b, etc. The numerical coefficients in (19) arise from
the fact that the coefficients (16) constitute a unitary
transformation. Notice, however, that the set of degree
one [aWXb®W]® has a sign opposite to that of the
components of the vector product aX b.2 The reduction
of the sets of components of nth degree ordinary tensors,
with #>2, proceeds by repeated application of (18) to
successive pairs of tensor indices, in analogy with the
construction of irreducible multiple products of #»
irreducible sets of degree 1 in Chap. 8 of FR.

(19)

6. APPLICATIONS

It was emphasized in FR, Chaps. 6 and 19, that
functions of the mutual orientation of two systems are
often conveniently expanded into invariant products of
pairs of tensorial sets pertaining to the two systems.
Each set is conveniently defined in a frame of reference
attached to the system to which it pertains, and each
product contains accordingly an r-transformation matrix
that relates the orientations of the two systems. Thus
the potential energy of a system of electric charges in a
potential field V (r,8,¢) is expressed by Eq. (6.15) of FR
in the form

U=, MU DO Y,0,0) AV, (20)

where MY is a contrastandard set of components of the
2%pole moment of the charges, ¥ a set of coefficients
of the expansion of V into contrastandard spherical
harmonics [4x/(2141) 111 (8,¢), and D pertains to
the coordinate rotation from axes (xys) pertaining to the
field to axes (x',y’,4’) pertaining to the system of charges.
In a real-standard representation, V would be expanded
into harmonics [4x/(20141) J}Y¥ (8,¢) with coefficients
A®_ If the two coordinate systems have one common

8 This fact, pointed out on page 39 of FR, stems from the
convention on the sign normalization of standard sets embodied
in (5.17) and (5.13) of FR; it would not have occurred if #* had
been replaced by 77 in (5.17). It appears that the convention
(5.17) of FR, the convention (G.5) of FR regarding the sign of
Wigner coefficients, and the convention about right-handed co-
ordinate systems embodied in the definition of vector product
form an inconsistent triad. I am indebted to G. Racah for clari-
fication of this point.

U. FANO

coordinate axis (y=y’), (20) is then replaced by the
explicit formula

U= Zlm'm[M(l)m’+ d(l)m'm+ (0) A“)m+

+MP e dPim(6) AP ], (21)

in which only (B) has been utilized. Relaxing the re-
quirement y=y’ often enables one to choose y and y’ so
that the planes xz and #'z' be symmetry planes of the
field and charges respectively, i.e., so that A®n_ and
M®_,_ vanish. In this event, combined application of
(A) and (B) yields

U=Y 1nm MP i [cosm’y APy (6) cosme

—sinm’¥ dPpm(6) sinme] APy, (22)

which brings out explicitly the dependence of the
interaction energy on the mutual orientation of the
symmetry planes of field and charges.

The mean values of quantum mechanical operators
indicated in Eq. (18.27) of FR and throughout the
following Chap. 19 have the same geometrical structure
as the interaction energy U considered in the foregoing
and can, therefore, be expressed in real-standard forms
analogous to (21) or (22). Notice, however, that the
standard sets of matrix elements of an operator F,
defined by (18.1) of FR, do not become automatically
real when transformed to a real-standard representation
by the matrix Q. Only sets that are self-conjugate
'(FR, Chap. 4) in an arbitrary representation become
real in the real-standard representation. As shown on
page 102 of FR, standard sets of matrix elements
[(ej|F|e'5)]1™® of a Hermitian operator F that belong
to a diagonal submatrix, with (&'j)=(a), are self-
conjugate or anti-self-conjugate depending on whether &
is even or odd. The transformation (9, with I=#%, will
accordingly make these sets real or pure imaginary,
respectively. All these sets can be made real by adding
to their definition a renormalization factor z*. On the
other hand, sets [(af]|F|a’7)]® with (a’7")5= () are
conjugate or anticonjugate to the sets [(a’7'|F|aj)]®
that belong on the opposite side of the diagonal, de-
pending on the parity of j— j'—k. Therefore, the real-
standard sets Q®[(aj | F |a’7)]*? and Q®[(ef’ | F|af)]®
are, in essence, complex conjugate. Their real and
imaginary parts may be separated out as new sets of
matrix elements that are actually real and are symmetric
or antisymmetric with respect to interchange of (aj)
and (a’j"). Phase normalization conventions are in-
volved in this separation. No suggestion is made on
these conventions while their suitability has not been
tested.®

As a more specific application, we shall consider here

9 The various alternative irreducible sets of matrix elements may
be regarded as coefficients of the expansion of an operator into
alternative orthogonal systems of operators, from the point of view
of U. Fano [Revs. Modern Phys. 29, 74 (1957), Sec. 6]. See Eq.
(18_'.4) of FR, where the orthogonal operators are [|aj}
X {5 [ 1®,
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the scattering of light or ¥ rays by an atomic system
through an electric dipole interaction process. The
general formula for this type of process, namely, (19.11)
of FR, represents the response of an analyzer of the
scattered radiation as a linear combination of invariant
products of the type

[(E1]p| ED]®" DBy 0,)[(EL|F|EDIP, (23)

where (§,6,¢) are Euler angles relating the orientations
of the analyzer and of a polarizer of the incident beam.
In (23), F indicates the operator that represents the
analyzer response, p is the density matrix of the incident
radiation as prepared by a polarizer, and all the sets of
quantum numbers (xj) have been replaced by El to
specify electric dipole radiation. Since j=1, the degree
k of the products (23), can be 0, 1, and 2. Geometry
alone determines the relative values of (23) for the three
values of k. The nature of the scatterer determines the
coefficients with which these products are combined in
the final results; the coefficients are equal when the
scatterer is isotropic,

To work out the real-standard form of (23), we replace
the'standard sets of matrix elements by real-standard
ones

CH=QW[(E1|p| ED)]P,
F®=QW[(E1|F|E1)]®.

These two sets can be expressed, to within irrelevant
normalization factors, in terms of the electric field
components of the radiation that emerges from the
polarizer or is accepted by the analyzer. We indicate
these components by (a.,¢,) and (b.,b,), respectively,
for the incident and detected radiation ; the primes refer
to coordinate axes attached to the analyzer. The direct
products of these components and of their complex
conjugates are the components C;y=a.a:*, Fu=050b:*
of intensity tensors, The elements of the real-standard
sets (24) are obtained from the C;z and F 3, respectively,
by the reduction formulas (19). Notice that (a) the
complex phase of the field components ¢; and b, has the
essential function of representing the phase relationships
in the polarization ; (b) the intensity parameters C, F iz
represent observables in any event, whereas the field
components a;, b; are not observable under conditions
of partial polarization; (c) the intensity parameters can
be expressed in terms of the Stokes parameters

Ii=a.0,*+a,0,*=C.4Cyy,
I=0.0.*—0,0,*=C::—Cyy,
I=a.0,*+a,8,*=C.y+Cys, _
Li=i(a.0,*—a,0.5)= i(C2y—Cya),

(24)

which describe the intensity and polarization of the
incident radiation, and in terms of the corresponding
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efficiency parameters
Ey=buybo*+byby*=F »o+Fyy, E\, Es, By,

which characterize the analyzer response. Equation (19)
yields

COy =+ (a0 —a,8,")=v 3,

COy =+ 3(a.8,*+0y0.*) =V 32,

C®p,=C®,_=CDy, =CW,_=0,
Cy=v }(—a.0.*—a,a,*)=— ¢,
COy=+ }(as0.*—a.0,") =iV 315,
COo=v }(a-0:"+0,0,") =V }o.

The elements of F® are given by analogous formulas.
The products (23) for £=0, 1, 2 will now be expressed
in terms of the Stokes parameters, which represent
observables, and in the same real-standard form as (21),
i.e., assuming that the axes y and »' coincide. On
utilizing the matrices given in Table I, we find!

CO*DO—FO=}1,E,, (26)
CO*DO-1FD =11, F; cosb, (26b)

CO*DO—F® = [ [y (3 cosB— 1) — (LE1+L1Eo)k sin®
+I1Ey 3 (14-c0s%0) J+31:E, cosf.  (26¢)

The sum of these three products yields the complete
intensity and polarization formula for scattering by an
isotropic center. In the absence of polarization effects
(i.e., when only Iy and E, differ from zero), this formula
reduces to the familiar angular distribution law
11Es(14cos%). However, different results are obtained
when (26a—c) are added with different weight factors, as
they generally must be for anisotropic scatterers such as
spinning atoms.

The performance of polarizers and analyzers is charac-
terized, with regard to linear polarization, by the
maximum values P; and Q; that are achieved by I/I,
and E;/Eowhen the x and x’ axes lie, respectively, in the
direction of linear polarization characteristic for the
polarizer and analyzer; I, and E; vanish when the axes
are so oriented. Calling ¢ the angle from this « axis to
the plane of scattering and ¢ the angle from the plane of
scattering to the &’ axis, we must then substitute
in (26c)®° ‘

Il=IoPl C082¢, Iz=IoPl sin2¢,
Ey=E{cos2¢, Ey=-—Ey;sin2¢.
This substitution brings (26¢) to the form equivalent
to (22).

10 The —1 exponent on the D matrix, equivalent to transposi-

tion, stems from the fact that the Euler angles pertain to rotation

from the polarizer to the analyzer axis, rather than to the opposite
rotation.

(25)

(27)
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If an “operation” 91 is real and preserves Lorentz covariant relations, then 9 is either a proper Lorentz
operation or the product of a proper Lorentz operation and the TCP operation.

I. INTRODUCTION

HE TCP theorem!—® has been stated and proved
within the framework of quantized field theories.
It is shown in this paper that the TCP operation
emerges, quite unambiguously, from considerations
which involve only the proper orthochronous Lorentz
group L. The idea is, roughly, to define an “operation”
as something which acts simultaneously on all Lorentz
covariant quantities, and to ask for the operations
which do not destroy Lorentz covariant relations. It
turns out that, apart from Lorentz transformations,
only the TCP operation has this property. (Theorem 1,
Sec. III.)

These results can be viewed as an application of the
duality theory of non-Abelian groups.®-® The reading of
this paper, however, does not require any knowledge of
duality theory.

II. OPERATIONS

Let A be the group of unimodulary 22 matrices
(the universal covering group of L). Denote by %(m,n)
quantities that transform according to the (m+1)
X (n—+1)-dimensional irreducible representation of 4
(see Appendix). A quantity #(m,n) is a spinor’ sym-
metric in m undotted and # dotted indices.

The TCP operation as defined by Pauli? transforms
u(m,n) into

(=1)"u(m,n)
i(— 1) u(mm)

(1a)
(1b)

if m-4nis even,
if m-+nisodd.

Let us define, in general, an operation M as an arbi-
trarily given law by which, for m, n=0, 1, 2, ---, the

* On leave of absence from the Institute R. Boskovic, Zagreb,
Yugoslavia.

1G. Liiders, Kgl. Danske Videnskab. Selskab. Mat.-fys. Medd.
28, 5 (1954); Ann. Phys. 2, 1 (1957).

2'W. Pauli, Niels Bokr and the Development of Physics (Perga-
mon Press, New York, 1955), p. 30.

3J. Schwinger, Phys. Rev. 82, 914 (1951); Proc. Natl. Acad.
Sci. U. S. 44, 223, 617 (1958).

+R. Jost, Helv. Physica Acta 30, 409 (1957).

5 F. J. Dyson, Phys. Rev. 110, 579 (1958).

6 C. Chevalley, Theory of Lie Groups (Princeton University
Press, Princeton, New Jersey, 1946), Chap. VI (for compact
groups).

7 Harish-Chandra, Ann. Math. 51, 299 (1950).

8 G. Hochschild and G. D. Mostow, Ann. Math 60, 495 (1957).

(m-+1)(n+1) independent components of #(m,n) are
linearly transformed among themselves. This can be
written as
u(mm) — M ™™ u(m,m)
(m: 7”:071;21' : '))

where M ™™ is a linear operator in the (m—+1)(n+1)-
dimensional space of components of % (m,n).
The product MMM, of the operations M, and M, is
defined by
wu(mm) — My ™M™ u(m,n)
(ma n=01172,' ’ )

Let now % (D) be a quantity which transforms accord-
ing to an arbitrary (not necessarily irreducible) repre-
sentation D of 4. In order to define the transformation
M (D) which #(D) undergoes under 91, we require:

(A) If a— D'(a)(aed) and a— yD'(a)y™! are any
two equivalent representations of 4, then

M D'y )y =yM D)y
(B) If D=D'1 D" is the direct sum of the repre-
sentations D’ and D", then
M(D)=M(D")+ M (D"),

where 4 denotes a direct sum of operators.
Every unimodulary 2X2 matrix ¢ defines!® an
operation
u(mmn) — D™ (a)u(m,n)

(m; n=0,172)' : )

A proper orthochronous Lorentz transformation /
=A(e,a) defines!® not one operation but an infinite
number of them. They are all of the form

(2a)
(2b)

(m—~+n even),
(m~+n odd),

u(mm) — D™ (ayu(m,n)
u(mmn) — D™ (a)u(m,n)
(m7 n=0)1727. * ‘4>)

and are distinguished from each other by the choice of
signs in (2b). This choice is arbitrary, since, under the
Lorentz transformation !=A(g,e)=A(—a, —a), the
quantity #(m,n) can equally well be thought to trans-
form into D" (a)u(m,m) as into D (—a)u(m,n)
= (—1)™*t*D®. (g)u(m,n).

9See e.g., B. L. van der Waerden, Die Gruppentheoretische
Methode in der Quantenmechanik (Springer-Verlag, Berlin, 1932),
Sec. 20.

1 For the definition of A(a,b), D™ (a,b), and D™ (g), see
the Appendix. :
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Similarly, a proper complex Lorentz transformation!®
A=A(a,b) defines all the operations

u(m,m) — D™ (g bYu(m,n) (m~+n even),
u(mm) — £D™ (ab)u(mm) (m+n odd),

with arbitrary choice of signs in the second line.

If £ is one of the operations defined by a Lorentz
transformation, we shall say that £ is a Lorenéz opera-
tion (proper complex, etc., as the case may be).

It will often be unnecessary to distinguish between
the operations that are defined by one and the same
Lorentz transformation. This leads to the following
definition:

Let M, and 9N, be two operations. We shall write

N,=9,
if
Ml(m’")=M2(m'")
M, ™ =4 M,ymm

(m—+n even),
(m~+n odd).

The complex conjugate, M*, of an operation I is
defined by

u(myn) — (M ™) *u(m,n)
(m) n=0:1;2)' : ')1

where (M®™™)* is the complex conjugate of the
matrix* Mo,

If M=*, we shall say that the operation I is real.

The product of two real operations is real. The
operation 7, defined by (1), is real.

Let a and b be two unimodulary 2X2 matrices. Con-
sider the operation £(a,b) defined as follows: All un-
dotted indices of quantities #(m,n) are transformed by
a, and all dotted indices by 5* (the complex conjugate
of ). From the foregoing definitions and the results of
the Appendix, it follows that £(e,b) is a proper complex
Lorentz operation.

In particular, £(e,a) is a proper orthochronous and
£(a, —a) a proper antiorthochronous real Lorentz
operation.

III. PRESERVATION OF LORENTZ
COVARIANT RELATIONS

In this section we shall study the operations which
preserve relations covariant under L. It will be im-
portant to distinguish covariance under L from co-
variance under 4.

Covariant relations between spinors are obtained® by
multiplication and contraction; furthermore, certain
reality conditions are preserved by L.

Multiplication: A relation of the form

w(ma,na)v(ma,me) =w(ma+ma, ni+ns) 3)
u That is, the matrix corresponding to the operator M ") in

the basis in which the action of 4 is represented by the matrices
D (a),
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is preserved by 4. Under L, however, (3) is transformed
into

u' (ma, )0’ (ma,ne) = w' (ma+ma, ni+-ns)
if both m;+#n; and me+-n. are even, and  (4a)

u' (my,m1)V (mayne) = £’ (my+nq, matns),
if at least one of the numbers m,-+n1, my-+n.

is odd. (4b)

This is so because we are free to choose either deter-
mination of ¢ when transforming each of the spinors

U, v, w.

Contraction: Suppose that v(m—2p, n—2q) has been
obtained from #(m,n) by contraction of p pairs of un-
dotted indices and ¢ pairs of dotted indices. Then
v'(m—2p, n—2q) (the transform of v by a proper
orthochronous Lorentz transformation) can be ob-
tained from #'(m,n) by the same contractions. There is
no ambiguity of sign here, because only pairs of indices
are involved. Both indices of a pair belong to the same
quantity and, consequently, transform according to the
same determination of a.

Reality conditions: Consider now a relation of the form
u(m,n) =v*(n,m) where the star denotes complex conju-
gation. Under aed, the quantity #(m,n) is transformed
into %' (m,n) = D™ ™ (g)u(m,n), and v(n,m) into v’ (1n,m)
=D (g)y(n,m)=D™™ (a)*v(n,m). So v*(nm) is
transformed into

v*(n,m)’ =D ™" (a)v*(n,m)= D™ (a)u(m,n)=u'(mn).

It follows that under a proper orthochronous Lorentz
transformation,

[*(mm)])=u'(mm)  (m+n even)
[v*(n,m) ] =xu'(mmn) (m+n odd).

These considerations show how proper orthochronous
Lorentz transformations affect covariant spinor rela-
tions. The problem now is to find all operations 9N
which are exactly ‘“‘as good” as proper orthochron-
ous Lorentz transformation in preserving covariant
relations.

Let ' (mn)=M"y(mn), v (mmn)=M™y(mmn),
etc., be quantities transformed by 9R.

Problem: Study the set of all operations N which
satisfy the following conditions :

(C)) I u(myn)v(meng)=w(mi+ms, n;+mns), then
o' (m1,m1)V (mayns) = 0’ (my-+n1, mat-ns).

(Cs) Furthermore, if both m+#n; and my+n, are
even, then %’ (my,11)v' (ma,ns) =w' (m1+ms, n1+ns).

(D) If v(m—2p, n—2q) is obtained from w(m,n) by
contraction of p pairs of undotted and ¢ pairs of dotted
indices, then v’ (m—2p, n—2q) is obtained from %’ (m,»)
by contraction of the same pairs of indices.
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(E) If u(m,mn)=1*(n,m), then

W' (mm)=[v*(n,m)]’  for m-+n even
w (mm)==2[v*(n,m)] for m—+n odd.

The rest of this section is devoted to the solution of
the above problem.

According to Sec. II, the condition (E) can be ex-
pressed as M =91* or the requirement that I be real.

If two operations satisfy (C) and (D), then their
product also satisfies (C) and (D).

If an operation M satisfies (C), (D), and (E), so
does its inverse 9!, Every proper orthochronous
Lorentz operation satisfies (C), (D), and (E), and so
does the operation (1). So our operations form a group
G which contains all proper orthochronous Lorentz
operations and the operation (1). We shall prove that
G is precisely the group generated by all proper real
(not necessarily orthochronous) Lorentz operations, and
the TCP operation (1).

In the lemmas that follow we shall always assume
that the operation 9 satisfies (C) and (D). This as-
sumption will not be repeated. Howevér, whenever the
reality assumption (E) is made, it will be stated
explicitly.

Lemma 1: The number M ©? is equal to one.

Indeed, for any m, n such that m—n is even, we
have, by (C;), MO0 M m.n) =} @m.n),

Lemma 2: The effect of 9 on a quantity »(m,n) can
be obtained as follows : The undotted indices of #(m,n)
are transformed by M©V and the dotted by M9, In
addition, the sign of #(m,n) may get changed.

Proof: By (C), the lemma is certainly true if %(m,n)
is a product of quantities %(0,1) and %(1,0). It remains
true for an arbitrary combination of such products;
that is, for every quantity «(m,n).

Lemma 3: The determinant of the 2X2 matrix M ©V
is either 41 or —1.

Proof: For the sake of shortness, write M instead of
M®D, Let u;, be a spinor with two undotted indices.
By Lemma 2, %y, is transformed, under 91, into

Ui’ = Mi? M, %%y,

Because of (D), the contraction (#');* has to be equal
to the contraction u,?. This gives

(u)it= L M PM %= 1,P= €? U p,,

01
“(1 o)
-1 0
is the matrix that raises spinor indices. Since #,, is
arbitrary, we have

where

+ M PMEe=eve,

A simple calculation shows that this is equivalent to
detM=+1.
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Lemma 4: detM 49 =41,

The proof is the same as that of Lemma 3.

Lemma 5: If detM©D=detM®9=1 then M is a
proper complex Lorentz operation. More precisely:
either

M= L(M OV (MON)¥), (5a)

or

M= L (MO, — (M), (5b)
where £(M @D M@9) is the proper complex Lorentz
operation defined at the end of Sec. II.

Proof: Consider the effect of 91 on quantities %(m,n).
For m+n odd, our assertion is true by Lemma 2. For
m~n even, it is necessary to verify that the action of
9N coincides, without discrepancies in sign, with the
action of one of the operations (5). Notice that every
u(m,n) (m~+n even) can be obtained, by contractions,
from products of quantities #(1,1). By (C») and D),
then, the matrices M ™™ (m+n even) are fully deter-
mined—without ambiguity in sign—by M ®»). Suppose
first that M @V%(1,1) is obtained from #(1,1) by trans-
formation of spinor indices, without the additional
change of sign. Then M=gLM OV, (M 10)*). If the
change of sign does occur, then

M=L(MOD — (M(I,O))*)E£(_M(O,l)’(M(l,O))*)_

Lemma 6: If detM @V =detM ©9 = —1, then M=TL
where 7 is the TCP operation (1) and £ is a proper
complex Lorentz operation.

Proof: The operation 791 satisfies the assumption
of Lemma 5, and is, consequently, a proper complex
Lorentz operation.

Lemma 7: If O is real and detM©V=1 then M
is a real proper Lorentz operation (not necessarily
orthochronous).

Proof: Since 91 is real, we have M @9 = (M OD)¥,
and detM @9 =detM©®V=1, So, by Lemma 35, either
M=L(MOD M OD) (proper orthochronous) or IN
=L(M O, — M©D) (proper antiorthochronous).

Lemma 8: If 9 is real and detM @Y= —1, then
M= 7L, where 7 is the TCP operation (1) and £
is a real proper Lorentz operation (not necessarily
orthochronous).

Proof: Lemma 7 is applicable to the operation 791,

Combining the Lemmas 3, 7, and 8, we obtain the
following theorem:

Theorem 1: If an operation I is real and preserves
Lorents covariant relaiions [that is, satisfies (C), (D),
and (E)], then W is either a real proper Lorents operation
or the product of a real proper Lorenis operation and of
the TCP operation (1).
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APPENDIX

This Appendix deals with real and complex Lorentz
transformations, their relation to unimodulary, unitary
afld orthogonal transformations, and their finite-
dimensional representations. The results on orthogonal

groups are not needed in this paper but are given for
future reference.

The proper complex Lorentz transformations A are
defined by

ATgA:g:
and
detA=1.

The metric tensor g is

(=1 0 0 0
10 —-1 0 o0
=l o o0 -1 of
Lo o o +1
The matrix s, defined as
i 000
{0 2 00
Z10 0 i o]
00 0 1,
satisfies s2=g.
Denote by o the unitary matrix
01 1 0
0'=i 0 7 —2 0
vl 0 0 —1j°
10 0 1

Given any pair @, b, of 2X2 matrices, we may con-
sider the 4X4 matrix A(a,d) defined by

Aa,b)=0(aXd*)o71,
and the matrix R(a,b) defined as
R(a,b)=sA(a,b)s7".

Here X denotes the Kronecker product, and 4* is the
complex conjugate of b. From the simplest properties
of the Kronecker product, it follows that

(a) A(d' A (a" ") =A(d'a"” b'b")
(b) R(a’B)R(a",b")=R(a'a" b'b").
Also,
(c) The complex conjugate of A(a,b) is A(b,a).
This can be verified by noticing that (aX&*)*

427

= (a*Xb)=P(bXa*) P, where

P=

OO O -
(=R = N ]
SO =O
o000

and that cP=¢*.

(d) The complex conjugate of R(a,d) is gR(b,a)g.

(e) If we establish a one-to-one correspondence be-
tween the four-vector z= (21,%s,%3,%) and the matrix

. Zo+323  Z—i%
&= b
(z;+izz Z0— 23 )
then the transformation z — A(a,b)z corresponds to the
transformation 2 — a2b%.

This is verified by straightforward computation.

The foregoing statements are valid for arbitrary ¢
and 5. We shall now impose restrictions on these
matrices.

(f) If deta=detb=1, then A(q,b) is a proper complex
Lorentz transformation and R(e,b) is a proper complex
orthogonal transformation.

It is sufficient to prove that A(a,b) is a proper com-
plex Lorentz transformation; the assertion on R{a,b)
follows then from the definition of R. By the theorem on
determinants of Kronecker products, detA(a,b)=1. To
prove that A(e,b) is a Lorentz transformation, we
notice that, for 2)X2 matrices, the condition dete=1 is
equivalent to

ar=ea e,

01
“(i o)
-1 0
and ar is the transposed of a. Furthermore, the equation
argo=eX ¢ holds. Then

[A(a,0) JrgA(a,b) = o1 (aXb*) rorgo (aX b*)o™!
=07 (arXbr*)(eXe) (@ Xb¥)o™!
=ar (eXe)[a1X (B*) ] (eX ) (eX €) (aXb¥)o™

=or}(eXe)o =g,

where

which shows that A is a Lorentz transformation.

(g) It can be shown by a continuity argument that
every proper complex Lorentz transformation can be
written in the form A(e,d) with suitably chosen ¢ and
b. Similarly, every proper complex orthogonal trans-
formation can be written as R(a,b) for some a, b.

(h) If deta=1, then A(q,a) is a proper orthochronous
real Lorentz transformation.

From (c) and (f) we know that A(a,e) is 2 proper
real Lorentz transformation. Since every A(g,8) can
be continuously connected to unity, it must be
orthochronous.

Consequently, if deta=1, then R(a,s) varies over a
subgroup of the group of proper complex orthogonal
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transformations, isomorphic to the group of proper
orthochronous real Lorentz transformations. The mat-
rices R(a,a) are, in general, not real.

(b’) If dete=1, then A(e, —a)=—A(a,a) is a proper
real Lorentz transformation changing the sense of time.

(i) If deta=detb=1, and both ¢ and b are unitary
(@a*=>bb*=1), then R(a,b) is a real proper orthogonal
transformation in four dimensions.

We know that R(a,b) is a proper orthogonal trans-
formation- whenever deta=detb=1. We have only to
show that R(a,b) is real, or, by (d), that R(a,d)
=gR(b,e)g. Now, since go=cP(eXe¢), we have, for all
unimodulary ¢ and 3,

gR(b,0)g ™ =sgo(bX a*)o g is 7
=50P(eXe€) (bXa*) (eX ) 1P g7 15!
=50 P[br'X (at)]P o151
=so[ (¢*)""XbrJo~'s'=R[ (a¥)7,(6+) ]

which, for unitary a and b is equal to R(a,d).

A. GROSSMAN

Consequently, if deta=detb=1 and both @ and b are
unitary, then A(a,d) varies over a subgroup of the group
of proper complex Lorentz transformations, isomorphic
to the group of proper real orthogonal transformations
in four dimensions. These matrices A(a,b) are, in gen-
eral, not real.

() If deta=1 and ate=1, then A(e,0)=R(q,0)
varies over the group of real proper rotations in three
dimensions.

Let now a and b be again two arbitrary unimodulary
matrices. Consider a quantity %(m,n) symmetric in m
undotted and in # dotted indices. Transform the un-
dotted indices by @ and the dotted indices by d*. This
induces a linear transformation in the space of the
(m~+1) (n+1) independent components of #(m,n). The
matrix of this transformation is denoted by D™ ™ (a,b).
Finally, D™ (g) is defined by D™ ™ (g)=D™™ (g,q).
The representation ¢ — D™ ™ (g) is irreducible. For
every e, the matrix D™ (g) is complex conjugate to
the matrix D™ ™ (a).
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The Landau singularities of the amplitude calculated from an arbitrary Feynman graph are considered.
It is shown that the discontinuity across a branch cut starting from any Landau singularity is obtained by
replacing Feynman propagators by delta functions for those lines which appear in the Landau diagram.
The general formula is a simple generalization of the unitarity condition. The discontinuity is then
considered as an analytic function of the momenta and masses; it is shown that its singularities are a sub-
class of the singularities of the original amplitude which corresponds to Landau diagrams with additional
lines. The general results are illustrated by application to some single loop graphs. In particular, the general
formula gives an immediate calculation of the Mandelstam spectral function for fourth-order scattering.
Singularities not of the Landau type are discussed and illustrated by the third-order vertex part.

I. INTRODUCTION

ARPLUS, Sommerfield, and Wichman' and
Landau? have emphasized the importance of
examining the analyticity of the amplitudes correspond-
ing to Feynman graphs, and have discussed some
simple graphs in detail. Landau has also given a
criterion for determining the position of certain
singularities of the amplitude for an arbitrary graph.
In this paper we shall derive a formula for the dis-
continuity across a cut starting from any one of
Landau’s branch points, and shall determine where
this discontinuity is singular. The result is a very
natural generalization of the well-known expression,
given by the unitarity condition, for the discontinuity
across a cut starting from any physical threshold.
The general result is extremely useful for analyzing
spectral representations. For example, it leads im-
mediately to an explicit expression for the Mandelstam
spectral function for the fourth-order scattering
amplitude.?
Before proceeding with the calculation, let us
recapitulate Landau’s discussion. He considers the
amplitude

F= fBH(d4k)A LAyt (1)

(where A;=M 2?—gq? and B is an arbitrary polynomial)
corresponding to a graph with NV internal lines and »
independent loops. In (1) and the following we adhere
closely to Landau’s notation. The g¢; are linear com-
binations of the k; and the external momenta p;. On
its principal branch F has no singularities for sufficiently
small, real p2; if the M ? are positive, we may take the

* Supported in part by the U. S. Atomic Energy Commission
and by the Alfred P. Sloan Foundation, Inc.

t Alfred P. Sloan Foundation Fellow. .

1R. Karplus, C. M. Sommerfield, and E. H. Wichman, Phys.
Rev. 111, 1187 (1958); 114, 375 (1959). )

2 L. D. Landau, Nuclear Phys. 13, 181 (1959). Note added in
proof. Results similar to Landau’s were also obtained by J. C.
Taylor [Phys. Rev. 117, 261 (1960)], which the author received
after submission of this paper.

3§, Mandelstam, Phys. Rev. 115, 1742 (1959).

2 to be positive without passing a singularity, and
begin the investigation with real p;, and imaginary p..
We denote by 2z, the independent invariants formed
from the ;.

Now introduce the Feynman parametrization

F=(N—-1)! f LTI BD¥s(1-5),  (2)

where D=3 ;..Ya;A; and a=> a; Let o=max;(D)
(the maximization is carried out with real k; and
imaginary k;). According to Landau, if ming>0, F is
nonsingular, where the minimum is taken with respect
to nonnegative o’s satisfying a=1. As the p2 are in-
creased, the first singularity of F occurs when ming — 0.
This, Landau shows, means that for each ¢

a;A:=0, (3)
and for each closed loop
2 0iqi=0, )

where the sum is extended over all the lines in the
loop; moreover, (4) must be satisfied with nonnegative
o’s. Landau pointed out that a singularity exists when
(4) is satisfied with arbitrary «;, but did not give an
explicit proof of this; as this point is important to our
subsequent discussion we show that this follows from
an analytic continuation in the internal masses, and
the continuity theorem for singularity surfaces.

The following remarks are contained implicitly in
Landau’s paper.

Let D, be obtained from D by setting the a;=0 for
i>m, and let on=max;(D,). If for some a;, max;(D,)
occurs for g2=M2(i<m), then for any other non-
negative a;(1<m), ¢u2>0. Now, we may choose the
M2 for i>m so large that ¢, is the minimum of ¢ for
nonnegative o’s. For any a;>0(i< ) and p2>0 we
determine ¢; which satisfy (4) (this is just the maximi-
zation problem) and define for i< m masses M; by the
equation ¢f=M 7. Hence masses exist such that any

4 H. Behnke and P. Thullen, Theorie der Functionen Mehrerer
Komplexer Veranderlichen (Springer-Verlag, Berlin, 1934), p. 49.
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“Landau diagram’’ corresponds to the first singularity.
There are two cases to be considered, which can easily
be distinguished upon inspection of the Landau
diagram. If some of the masses obtained by the pro-
cedure described are constant, or satisfy a relation
independent of the o’s and the z's, then we do not in
general have either a solution to (4) or a singularity.
Otherwise, as the a’s and 2’s are varied these masses
take on all possible values, in which case it follows
from the continuity theorem that for any internal
masses there is always a singularity when Eqgs. (3) and
(4) are satisfied, although this singularity might not
appear on the principal sheet of the Riemann surface.

In order to discuss the analytic continuations of F,
we eliminate the delta function from (2}, by replacing
the a; by Aa;, multiplying by a suitable entire function
of A (say ¢) and integrating over A. This gives the
equation

F=(N—1)! f L)1) BD¥6" exp(—a). (5)

In (5), the a; vary independently over any suitable
contours from 0 to «. We may use this equation to
interpret Landau’s conditions in the complex region.
We use an idea introduced by Hadamard,® which has
already been exploited in a similar problem by Eden.6
If we first integrate over the k;,, we obtain an integrand
which is singular when ¢ vanishes, where in the general
case ¢ is an extremum of D. The singularities of F
occur when some of the o, are fixed at the lower limit
of integration, while the contours over which the
remaining «; are' integrated are trapped between
coalescing singularities. In other words, ¢ must have a
double zero with respect to each of the free variables,
which leads directly to Landau’s conditions (3) and
(4). It is also necessary that for 2, in the neighborhood
of a singularity of F, the contours actually pass between
these nearly coalescent zeros. We know that this
occurs when we consider the first singularity; we
obtain an illustration of the continuity theorem if
we note that when the M; are varied, if the 2, are
simultaneously varied so as to keep the zeros in a
nearly coalescent configuration, the contours must
remain entrapped.

Since the integrand in (5) is always singular when
a=0, if D vanishes for @=0 the condition of a double
zero with respect to the free variables is relaxed. In
this case we might have a singularity even if conditions
(3) and (4) do not hold, although such a singularity
could never appear on the principal sheet. We shall
show, in Sec. III, that an “anomalous” singularity of
this type actually occurs in the third-order vertex.

5 J. Hadamard, Acta Math. 22, 55 (1898).
¢ R. J. Eden, Proc. Roy. Soc. (London)
added in  proof. After submission of this paper, the author re-
ceived two papers containing a similar discussion of the complex
singularities: J. C. Polkinghorne and G. R. Screaton, Nuovo
cimento 15, 289 (1960); J. Tarski, J. Math, Phys. 1, 154 (1960).

10, 388 (1952). Note
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II. DISCONTINUITIES OF FEYNMAN AMPLITUDES
A. Calculation of the Discontinuity

We shall prove the following theorem: Let F denote
the amplitude defined by Eq. (1), and let F,, denote
the discontinuity of F across a branch cut starting
from a singularity defined by Landau’s conditions (3)
and (4) in which 4;=0 for ;< m; then
Fop= (2mi)ym

y f BI1(d*)8,(g:*— M) - -85 (gm’— M)
Appr - Ay )

(6)

(The notation implies a particular ordering of the
lines.) The subscript p on the delta functions means
that only the contribution of the ‘“proper” root of
=M is to be taken. Equation (6) is a simple
generalization of well-known results, and follows
directly from the Hadamard-Eden analysis.

Consider the contracted Feynman graph obtained by
fusing the vertices connected by the lines i>m. Let »
be the number of independent loops in this contracted
graph. We can choose the k; so that the ¢;(:<m)
depend only on those %; for which j<v. If the mX4»
matrix

Jiiu=092/0k;u

is of rank m, we may choose as integration variables
&i=¢ for 1< m, and 4v—m additional variables. The
g are the squared distances between certain points in
momentum space, and the §; for m<i<4v may be
interpreted as related angle variables. We shall discuss
later the circumstance that J; ;, has a rank smaller
than m for all %;,. If the rank is too small only when
the k. satisfy particular relations, these exceptional
points may in general be avoided by appropriate
indentations of the %;, contours. We therefore obtain

b bm
F=f dqlz...f dgn?
al (77
. f ITm<i<o(dE)T > (dk;)
JAp Ay ’

where
J=det(0¢;/0k;,).

The limits of integration (a;8,) for the ¢, integration
are the extrema of ¢ for fixed ¢2(:<j). This leads to
the equations (for each loop of the contracted graph)

2 < HBigin=0, (8)

where the §; are Lagrange multipliers. From (8) for
Jj=m we see that Landau’s conditions (3), (4) imply
that when a singularity develops, the point where the
A4;=0 for i<m lies on the boundary of the region of
integration. Equation (8) also shows that the rank of
Jiju is always too small on the boundary of the inte-
gration region, but this gives no difficulty. In certain
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cases each set of the ¢ corresponds to two points in
momentum space; in these cases we interpret the
gm’ integration as being taken over the closed contour
which encloses the two points @. and b, where J is
singular,’

For brevity we denote by z a point in the (many-
sheeted) space of the invariants. Let 2, denote any
point on the singularity surface in question which does
not also lie on some other singularity surface.

We first suppose that all the integrations in (7)
have been performed, except that over g:2. Then we
write

by
sz dgi* (M *—q?)7'F 1) (g1). 9
a1

Now, by hypothesis, (A) F is singular when z— 3,
and (B) F would not be singular at 2o if the factor
(M2—g®)™ were absent or if the mass M, were
changed. Therefore, the contour of the ¢,* integration
must pass between the pole g*=M* and a singularity
of Fay(g:?) at ¢2=(Q? where Q?— M ? when z— 3.
We may replace this contour by one on the other side
of the pole ¢2— M and a very small circle enclosing
this pole, where the contour which avoids the pole
gives a contribution to F which is regular in the
neighborhood of 2,. The singular part of F is therefore

F,=2miF oy (M ). (10)

The argument given is not sufficient to determine the
sign.

After applying the foregoing argument in succession
to the variables g2 - - gn—?, We obtain

n
F,= f gt (M= g Fom (gud). (11
am

In (11), ¢ and b, are the limits calculated with
g2=M¢ for i<m. When z— %, it follows from (8)
that one of these limits coincides with the point
gmi=M,2. Tt is obvious that the discontinuity across
a branch cut starting from zo is 2wiF (m)(M,?). When
the g, integration is taken over a contour enclosing
the points @ and b,, the two branches of F, are deter-
mined by whether the pole gm*=M,? lies inside this
contour or not, so we obtain the same result.

We now define the sign of F, by analytic continuation
from the case where the masses are such that the
singularity in question is the first encountered as the
2, are continued through real wvalues from the
singularity-free region, and z is a real point just beyond
this singularity. It was shown in the Introduction that
it is possible to do this. We define the discontinuity
Fn(2) to be the difference between F(z) as calculated
by giving the masses small megafive imaginary parts
and that calculated with small positive imaginary parts;

7 For some graphs with more than one loop, several of the ¢
integrations need to be interpreted in this way.
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that is,
Fu(8)=F_se(2)— Fiie(2). (12)

Now consider the g,? integration: Equation (12) im-
plies that the discontinuity is given by a clockwise
contour around the pole. But the same result must
hold for all ¢2. This proves Eq. (6) for the case that
the rank of the matrix dg2/0k;, is equal to m, except
that in transforming back to the k;, we must be careful
to keep only the contribution from the proper root
of g2=M2.

There are two cases in which the rank of J; j, is too
small; either this happens only for z which satisfy
some particular relation, which restricts these z to lie
on some surface, or else it occurs identically, for all z.
In the first case, (6) is valid for all nonexceptional 3,
but the discontinuity might be singular when J; ;, is
singular. If the rank is always too small, as when
m>4v, we consider the singularity obtained by
eliminating a sufficient number of lines (say for
m’ <i<m) that the rank of the reduced matrix dq:2/dk;,
is m'. The singularity of the larger matrices implies
that the eliminated ¢:? can be expressed in terms of the
g2 for i< m'. Hence when we evaluate the discontinuity
F. by Eq. (6), we find that F,. has not a branch poeint
but a pole when ope of the eliminated 4; vanishes.
These exceptional cases will be illustrated in Sec. III.

B. Singularities of the Discontinuity Function

We may think of F,(z) as the difference between
the values of F(z) on two different sheets, so the
singularity surfaces of F,.(z) will be contained among
those of F(z). We discuss these singularities by intro-
ducing N—m Feynman parameters o;(i>m) and
repeating Landau’s calculation. When we integrate
over the k., we obtain a singularity for those values
of the ¢; for which

o= EXtI‘ emuny (Z l'>maiA 1')

vanishes. However, the variables k;, are not all in-
dependent, because they satisfy the constraints 4,=0
for :<m. These constraints are introduced into the
extremization by using m Lagrange multipliers, which
we also call a;(4<m). This leads to the equation
> :g:=0, which is identical to (4). The integration
over the Feynman parameters is singular when some
of them are zero, and ¢ is a vanishing extremum with
respect to the rest. This leads to Eq. (3) for ¢>m. We
are not allowed to omit any of the conditions 4;=0
for i< m, so the singularities of F(z) which are also
singularities of F,.(2) correspond to Landau diagrams
in which lines have been added to the Landau diagram
which defined the original singularity. The other
singularities of F necessarily appear on both sheets
and cancel when we calculate the difference. As we
have pointed out before, there is also a possibility of
non-Landauian singularities.
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Let us denote by F,m-n(z) the discontinuity of
F,(2) across a branch cut starting from the branch
point for which 4,=0 for m<i<m'. We calculate
Fym'—m by the same method used to calculate F,; we
use the g2 as variables for i< m’. It is clear that all
the steps in the proof (except for determination of the
sign) are identical. Moreover, we find that

Foym'—m(8) = F (3). (13)

[We use Eq. (13) to define the sign of Fpm—m.] It
may be noted that it can be proved independently
(by extending the argument in the Introduction) that
the singularity of F which corresponds to 4;=0 for
i<m’ only appears on one of two adjacent sheets
connected by the branch point corresponding to 4,;=0
for i< m.

C. Unitarity Condition

Consider two graphs, each with m outgoing lines,
and with r and s incoming lines, respectively. Let F
and G denote the corresponding amplitudes. The
unitarity of the S matrix implies that these two graphs
give a contribution to the imaginary part of the T
matrix (for » outgoing and s incoming particles) which
is, apart from numerical factors and with neglect of
the spins of the particles,

Tratmy = demF*G, (14)

where drp, is the volume element in the phase space of
m particles. Let gq; and W; denote the momenta and
energies of these m particles. As a consequence of
momentum conservation, the g, depend linearly on
m—1 integration variables k; With a covariant
normalization of states, we have

I7A) TR ) S

dtp=——"—"—3Q_W,—E), (15)
@Wy)--- (2W,)

where E is the total energy. We may introduce m—1
new integration variables k; and write (15) as follows:
drm=d%1" + A 18, (g2 — M) - - -8, (g — Mn?). (16)
In (16) the g.s are the same functions of the k4 as the
q; are of the k;. The subscript $ means that only the
“proper” root of ¢2=M?, that for which g, is positive,
is to be considered when the integrations are carried out.
Equation (14) is first obtained for real momenta.
To continue it to the complex region we introduce the
explicit forms of G and F, with the notation that g¢; is
the momentum of any internal line, and %; is any

integration variable. Then (14) becomes

f I1(d*%) Bo,(q2— M)« - - 8p(gm?— M,2)
rs(m) — .
( Am+1‘ Ay

, (17)

R. E. CUTKOSKY

where 4;= M 2+1ie—q2 for lines belonging to the graph
F, and A;=M2—ie—q? for lines belonging to the
graph G.

Equation (17) is just a special case of the general
discontinuity formula (6) for the graph obtained by
joining the graphs F and G by the m common lines.
In (17) the analytic continuations have been defined
in a particular way (by the ==ie rule), while in (6) the
masses may be considered to be arbitrary. The dis-
cussion in Sec. ILB of the location of the singularities
of F,.(z) applies without modification to Tysm)-

The correspondence between the unitarity condition
(17) and the general discontinuity formula (6) suggests
that the general discontinuity may be looked on as a
pseudounitarity condition. The particles, instead of
being divided into the two groups of “initial” and
“final” particles, may be divided into three or more
groups.

III. ILLUSTRATIONS

In this section we illustrate the results derived in
Sec. II by applying them to the three graphs shown
in Fig. 1.

A. Fourth-Order Scattering

The singularities correspond to the vanishing of the
following combinations of the 4.: (13), (24), (12), (23),
(34), (41), (123), (134), (124), (234), and (1234). The
ordinary threshold is the (13) singularity. The cor-
responding discontinuity is obtained by replacing 4,™!
and 437! by 2m8,(41) and 2wi6,(A3s). The discussion
in Sec. IL.B shows that this discontinuity has only the
singularities (13), (123), (134), and (1234). The
Mandelstam spectral function® is, apart from a factor
of four, the discontinuity of this discontinuity function
across the (1234) singularity, which is

Fy= f B, (qi— M) - -8,(g2—M2).  (18)

Reverting to the variables used in the proof of (6),

F16. 1. Feynman graphs considered in Sec. ITI.
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we have

F=f J7dgyt - - dgd (g — M)« - -6(g— M) (19)

=J"1,

where J=detdg?/ok,=2*detq;, is evaluated for g2
=M2 The result of Mandelstam® and Kibble® is
obtained from (18) by noting that [detq,, 2 =detq.g;.
The reader will recognize detg., as the volume of the
four-dimensional parallelepiped constructed with the
g: as edges. The vectors ¢; have lengths M;, and they
have such directions that when drawn from a common
vertex (J, their ends are vertices of the tetrahedron
constructed from the external momenta (see Fig. 2).
Complex vectors are to be used in drawing the figure,
when necessary. This figure (a simplex) is one corner
of the parallelepiped; its volume V is 1/4! times the
volume of the parallelepiped. Hence J=24!V.
Landau’s condition for the location of the (1234)
singularity is that the point Q should lie in the hyper-
plane of the tetrahedron. In this case V=0. It should

F1G. 2. The Mandelstam spectral function is the reciprocal
of the volume of this figure.

be noted that the transformation from the %, to the
g is singular when the tetrahedron degenerates to a
planar figure. But 4V is the product of the volume of
the tetrahedron and the altitude of the point Q from
the hyperplane of the tetrahedron, and when the
volume of the tetrahedron vanishes, the altitude, for
fixed lengths of the ¢;, becomes infinite in such a way
that V! is analytic.

B. Third-Order Vertex
The discontinuity across the (123) branch cut is

1
Fy= _2—fd4k6p(q12_ M 2)b,(g— M*)85(g°— M#). (20)
T

Consider the point Q whose squared distances from
the vertices of the triangle (p,, ps, #.) are ¢2 (see Fig. 3).
The locus of Q in four-dimensional space is a circle
whose radius « is the altitude of Q from the plane of
the triangle. Transforming to new variables, we have

d*k= xd ok = rd o] ] (dg2)J 57, (21)
8T W. B. Kibble, Phys. Rev. 117, 1159 (1960).
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F16. 3. Geometrical con-
struction associated with
the third-order vertex.

where J3=8 detg;, is a 3X3 determinant. Hence we .
obtain
Fy=xJs (22)

Now detgs, is 3! times the volume of the tetrahedron
in Fig. 3, which in turn is 3@, where @ is the area of
the triangle. Therefore,

Fy=2-%@"!
=Hp it 0 = 20200 = 2078 = 2p8p2) . (23)

We see that F3, and therefore also F on at least one
sheet, is singular when @=0. In this example, a
singularity of the matrix d¢?/dk, actually is associated
with a singularity of F. The singularity can be shown
to correspond, in terms of the Feynman parametrization
discussed in the Introduction, to the case a1 +as+a3=0.

C. Example of Redundant Lines

Consider the graph shown in Fig. 1 which has five
lines in one loop. Landau’s procedure shows there is a
singularity when all five 4,=0, but this is not a branch
point. The discontinuity across the (1234) branch cut
is shown by the method of Sec. ITI.A to be

Fy=J7 (452—M52)_1, (24)

where J and ¢s* are functions of the external momenta
and of M,,---,M4s When the external momenta are
such that g2=M3?, F, has a pole. Since F4 is the differ-
ence between values of the amplitude F on two adjacent
sheets, and since the (12345) singularity only appears
on one of them, F also has a pole. The location of the pole
corresponds to the possibility of drawing the Landau
diagram with four-dimensional vectors; the nonexistence
of a branch cut corresponds to the impossibility
of buckling the diagram into an extra dimension.
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The question of consistency of the canonical reduction of general relativity (obtained by eliminating
constraints and also imposing coordinate conditions in the action or generator) is examined. It is shown
that the equations of motion obtained from this “reduced” formalism agree with the original Einstein
equations. Agreement is also established for the generators of space-time translations. In order to establish
consistency, it is necessary to discard certain well-defined divergence terms in the original Lagrangian.
These would otherwise appear as nondivergences in the reduced Lagrangian, incorrectly altering the

equations,

1. INTRODUCTION

AS is well known, general relativity differs from all
other field theories in that its ‘“stress tensor”
vanishes (to within a divergence) as a consequence of
the constraint equations of the theory. This singular
behavior arises due to the invariance of relativity
under general coordinate transformations. Thus the
generator of translations with respect to the (arbitrary)
time coordinate would indeed be expected to vanish
since any apparent “time” translation could be removed
by a mere relabeling. Real motion is to be expressed
in terms of physically meaningful time and space co-
ordinates which must be functionals of the metric.
Therefore, in order to isolate the dynamics of the
system (i.e., to obtain the correct nonvanishing stress
tensor), one must specify the dynamical variables as
‘functions of those variables being used as coordinates.
Such a procedure is equivalent to imposing coordinate
conditions; it also involves elimination of redundant
variables by means of the constraint equations.

This program has been previously carried out,! and
results in a canonical form for the theory, that is, in
a “reduced” Lagrangian of the form

L= i TAatﬁA/at—ﬂC[WA,qu], (11)

A=1

where ¢4,74 are two independent canonically conjugate
pairs of field variables and 3 is the nonvanishing
Hamiltonian density. The functions ¢# and w4, as

* Supported in part by the National Science Foundation and
Air Force Office of Scientific Research under contract.

1 Alfred P. Sloan Research Fellow.

! In text the following papers will be referred to as I through V:
(I) R. Arnowitt and S. Deser, Phys. Rev. 113, 745 (1959)

(II) R. Arnowitt, S. Deser, and C. Mlsner,dnd 116 1322 (1959),
(II) 117, 1595 (1960), (IIIa) resent pa (IV) 118, 1100
(1960); ( I'Va) Nuovo cimento F be pub ), (IVb) Phys

Rev. (to be sﬁ ublished); (IVc) #bid. (to be published); (V) ibid
(to be published

well as those variables being used as the space-time
coordinates, were expressed explicitly in terms of the
metric field g,, and its first time derivatives. The form
of Eq. (1.1) automatically ensured the internal
consistency of the canonical formalism in that the
Poisson bracket (P.B.) equations of motion are identical
with the Hamilton-Lagrange equations of motion
obtained by varying Eq. (1.1). Correspondingly, the
canonical momentum PC=— fd%Zr,V¢* arising in
the reduced formalism of Eq. (1.1), correctly generates
spatial translations there:

[f(ra,64),P]=V/. (1.2)

The primary consistency check of the canonical
formalism, however, lies in the demonstration of agree-
ment between it and the original Einstein equations.
In the process of eliminating redundant variables some
subtleties arise, which it is the purpose of this note
to examine. In particular, we shall verify that indeed
this “external” consistency does hold and that the
expressions given for energy-momentum correctly gen-
erate space-time translations in the chosen coordinate
frame. This result is valid also when matter is coupled
to the gravitational field (see Appendix).

In the canonical reduction to Eq. (1.1) from the
Einstein-Lagrangian, a complication arises not present
in analogous situations for particle mechanics or
simple field theories: a term which, in the original
Lagrangian (or “Hamiltonian”) is a pure divergence,
may cease to be a divergence upon elimination of the
redundant variables and hence may contribute to the
equations of motion obtained from the reduced
Lagrangian (or Hamiltonian). Consequently, a
Lagrangian obtained by substituting solutions from
the constraint equations into the original one may
give incorrect equations of motion. For example,
suppose a theory contained several dynamical variables
¢4 and a redundant variable C with the constraint
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equation

V:C=¢.2. (1.3)

A term V-VC in the original Lagrangian makes no
contribution to the equations of motion there, while
in the reduced Lagrangian (where the constraints are
eliminated), this term would appear as ¢;® and would
contribute. Further, the addition of a divergence may
correspond merely to the change of position of a
derivative in the original Lagrangian. Whether or not
such terms should be included in the original
Lagrangian is not directly determined by the original
field equations. Yet, the decision to keep or drop these
divergences can strongly modify the resulting field
equations of the reduced system.

In Lagrangians of the form obtained by parameter-
izing standard field theories (which form includes
general relativity as an “already parameterized” case),
there is a unique specification of what divergence
terms are to be retained. This requirement leads
precisely to a form for the field Lagrangian, which is
the natural generalization of the particle case. In the
next section it will be shown that upon elimination
of redundant variables at this point, the correct
equations of motion may be obtained from the reduced
Lagrangian. In Sec. 3, the consistency of the spatial
generators will be demonstrated. We shall show that
the expression previously obtained (in III) for the
momentum density (by inserting constraints and co-
ordinate conditions into the original generator), differs
from the canonical one merely by a divergence in the
canonical variables. Finally, some of our results will
be used to comment (in Sec. 4) on other techniques of
dealing with general relativity.

2. REDUCTION OF THE LAGRANGIAN

It was shown in III that the Lagrangian of general
relativity, £er=(—*g)}R, could be recast into the
form?

Lorp= "‘gija')l'if/ai"‘N“R"‘

~ 2PN+ N(ri—dgm) ] (2)

where
=—g[R+g Gr—mir)]  (229)

and
Ri= 274 (2.2b)

are linear combinations of G°%=*R%,—3&,'R. Here

.VOE(—gm)_‘%v ‘Ni54g05’ rExiigﬁ‘

and (2.3)

= (—4g) *[4r0mn - gmmd‘roﬂquq]gmig”i'

2 We use units such that x=16wyc4=1=¢, where v is the
Newtonian gravitational constant. Latin indices run from 1 to 3,
Greek from 0 to 3, and «®={. All tensors and covariant operations
are three-dimensional unless specified; 3R is the curvature
scalar of gi; (not %g,,) and g¥(##%") is the matrix inverse to g;.
The vertical bar *|” indicates covariant differentiation with
respect to g;;, and Ny is treated as a three-scalar. Ordinary differ-
entiation is denoted by a comma or the symbol d,.
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This Lagrangian is of the general form?
N4
L= I'Zal w1d¢ /81— N R#(¢7,7rs)
HF(xsd "N}l (2.4)

which form is also found when matter is coupled to
the gravitational field (see IV and V). The same
structure arises upon parameterization of standard
field theories (e.g., the scalar meson example in III),
and is the straightforward generalization of the
parameterized particle Lagrangian®

M
L=3_ pig"'+pung"+'—NR,

dx=]

where the constraint R may be taken as R=pu
+3{p:,9:) ; a prime denotes a derivative with respect
to the {(arbitrary) parameter 7 which replaces the
time in this formulation. Note that the divergence
term of £ in Eq. (2.4) is determined uniquely by the
requirement that the R* not be functions of the
Lagrange multipliers N,. For example, gradients
appearing in R* cannot be moved by means of integra-
tions by parts, which would give rise to gradients of
N, outside the total divergence term; this is not
allowed in the standard form of Eq. (2.4).

In the remainder of this section, we shall compute
the equations of motion obtained by varying the action

I=fd‘*x£,

and we shall insert into these the solutions of the
constraint equations and the coordinate conditions.
(The term 7 ;in £ does not contribute in this analysis.)
We will then verify that these equations agree with
those obtained by varying the reduced Lagrangian
£r; here £z is that Lagrangian obtained by substituting
constraints and coordinate conditions into £ with the
divergence 57 ; discarded.

The constraint equations R*=0 result from varying
N,. They state that four of the momenta #; are not
independent canonical variables, corresponding to the
fact that four of the ¢ are not really field variables,
but rather physical space-time coordinates. We assume
that ¢! and =y are so chosen that the coordinate
conditions

(2.5)

= gh (2.6)

3 Since constraint equations, by definition, contain no time
derivatives, their solutions never eliminate them. Thus a total
time derivative in the Lagrangian is harmless and 3¢ is equiva-
lent to —¢d¢r there, either before or after the elimination of
redundant variables. For further discussion of the relation of
total time derivatives to canonical transformations, see IVa.

4 See, for example, C. Lanczos, The Variational Principles of
M eIthanics (University of Toronto Press, Toronto, Canada, 1949),
or IL
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are physically acceptable.> With the convention that
the index 4 runs from 1 to N, we write the solutions
of the constraint equations

81 /8N w=R¥(my 1@ w497 +#) =0, 2.7)

in the form

It[qSA:"rA 7¢N+1‘j'

Since R* may involve spatial derivatives, we use the
functional notation 7% [¢4,7a,¢"*+*] to take into
account the possible appearance of operators such as
(1/v?) in Eqgs. (2.8). Indeed, just this circumstance
(having no simple analog in particle mechanics) gives
rise to the ‘“‘divergence” problem under discussion
here.

Varying ¢4 and =4 in the action integral yields the
equations of motion

(2.8)

TH4u™=

dma(x)/0t=— f PN ()[R () /664(x)]  (2.99)

st @)/oi= [N GDR-G)Y ora@]. (290)

Since the R* contain no time derivatives, 8R*(y)/d¢4(x)
will contain 8(y°—a®) as a factor; however, spatial
derivatives of ¢4 in R* produce derivatives of delta
functions in 8R*#/6¢4, and thus spatial derivatives of
N, may appear when the integral in Eq. (2.9a) [or
Eq. (2.9b)] is evaluated. The equations

36V +(x) /1= fd‘*yzva(y)[aR«@)/avrw(x)j (2.10)

serve to determine the Lagrange multipliers N, when
the functions ¢¥*+* are specified by the coordinate
conditions. ,

In order to substitute the solution of the constraints,
Eq. (2.8), into the dynamic equations (2.9) we expand
R# in a functional Taylor series® about the point
maqu= 7% (indicated in the following by == 7). The
zeroth-order term vanishes and we have

Re(y)= f e mrsa(5)— T0(2)]

| X[6R*(9) /075 1a(8) Jr =4+ -+, (2.11)
This allows us to compute
SRA () ()= — [[ @57 (5)/504 ()]
X[6R(5)/0nn1a(2) Jr=g+- -+ (2.12a)

5 For general relativity, the main requirement is that these
conditions are consistent with an asymptotically flat metric at
spatial infinity.

¢V, Volterra, Theory of Funciionals (Blackie and Son Ltd.,
London, 1930), p. 25.
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and
SRA)fpma () = [[s70u(e) bma(3)]

X[8R*(3)/07x1a(®) Jp =g+, (2.12b)
where the terms represented by --- contain [mnie
— 9% as a factor and so vanish when the constraints
are inserted. We now substitute Egs. (2.12) into
(2.9) and eliminate =y, by using Egs. (2.8). The
coordinate conditions (2.6) reduce Eq. (2.10) to
84= [ N,8R*/buxnsu. By using these results, the
dynamic equations then become

ama(@)/oi= [T 0] (213

364 (2)/0t = — f BaL67%(3)/bma(x)]. (2.13b)

These equations, equivalent to the original set [Egs.
(29) and (2.7)] under the coordinate condition
dopNtu=§#K, are easily seen to be just the Hamiltonian
equations obtained from the Lagrangian

N
L= w18 /31—, (2.14a)
A=l
where
=— T[4, 74 ]. (2.14b)

Note that only the differential statement of the
coordinate conditions, Jdp"¥t#=258%, was needed in
deriving the preceding result. In Eq. (2.14b) we have
assumed that these coordinate conditions are chosen
in such a way that 7% has no explicit x* dependence
in order that a set of standard conservations laws hold.”

For general relativity, one must rearrange the
g:0m part of the Lagrangian of Eq. (2.1) in order to
explicitly apply the general methods discussed above.
This is accomplished by making an orthogonal decom-
position on 77 and g;; similar to the one used in III.
We write

gi=08i+hi;
=0i+hi T+ 5[8:4T— (1/VOAT ;]
+hiith.i

= WifTT-I-%EB“V”I?T——7T'T,¢,']+7ri,j+7r",5.

(2.15a)
(2.15b)

Note that V%7 used here is just #7 of III and 4,
approaches zero asymptotically. The Lagrangian (2.1)
now becomes ‘ :

L=74TTY gh,;jTT+ WhTao(‘— %fT) - 27r"7',,-00h¢
+N R4S, (2.16)

" That this can in fact be achieved for general relativity was
shown in ITI.
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In obtaining Eq. (2.16), various spatial divergences
have been included in ¥/ ; and a total time derivative
neglected.? By choosing

V= L5l gNti=gitp, 2.17)
one has
L=q4T79 ;i TT— (— VERT) 1™ H0— 200% ;0 07+
+ N Re+F7 . (2.18)
The formal derivation now follows with the association
TA=TUTT,  pA=p, T
(2.19)
TN = Vsz, ANpi=— 274, #»

since £ is now in the form of Eq. (2.4). As was discussed
in III, the constraint equations R*=0 can indeed be
solved for my;, and are independent of x* when the
coordinate conditions ¢¥+#=x* are imposed.

The divergence ¥/ ; in Eq. (2.4) played no role
whatsoever, as a divergence never affects a variational
derivative. However, £g of Eq. (2.14) will not necessarily
be the reduced Lagrangian obtained by inserting co-
ordinate conditions (2.6) and constraints (2.8) into
the original Lagrangian of Eq. (2.4) unless &7 ; is
dropped, as was illustrated by the simple example in
Sec. I. (If some particular §7 ; happens to remain a
divergence after ¢"*#, myy, and N, have been elimi-
nated, the reduced Lagrangian will be equivalent to £z,
but in general the correct way to obtain £g is to drop
the 37 ; term before eliminating the redundant variables.)
In relativity it is very easy to obtain equations such
as d¢4/ot=0=20mn4/3¢ by including a wrong divergence
term in £ while substituting constraints. In fact, it is
easy to obtain such equations for variables ¢4 and =y,
which are not even constants of motion in the linearized
approximation.

The result obtained in this section is not an un-
expected one. If one drops the term &/ ; in Eq. (2.4)
(which does not affect the equations of motion obtained
from £), £ becomes just the field analog of the parame-
terized particle Lagrangian. It is well known* in the
particle mechanics case that one can then impose the
constraint and coordinate conditions without error.

3. REDUCTION .OF THE GENERATOR
AND FIELD MOMENTUM

We consider here the generator associated with the
Lagrangian of Eq. (2.4). As was discussed in III, the
process of reducing the theory to canonical form can
be carried out directly in the generator. We will show
explicitly that this reduction is identical to the previous
one, In addition, it will enable us to display the field
momentum density automatically. We will see that
this differs from the field momentum density derived
from the reduced Lagrangian, Eq. (2.14), by a di-
vergence of canonical variables (a “true divergence”);
this will check the consistency of the spatial displace-
ment generators.
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The generator arises from the Lagrangian of Eq. (2.4)
(with the 97 ; now discarded) as the surface integral
term in the endpoint variation of the action. It has
the form

N+4
G=} &[T mdp'— T0, 52+

F=1

CRY

The stress tensor 77, vanishes (to within a divergence)
as a consequence of the constraint equations, which
again reflects the general covariance of the theory.
Thus, the canonical tensor which arises when one
makes arbitrary coordinate variations dx* in Eq. (2.5)
{but no associated Lorentz transformations) is given by

7% =N, R+ (3.2
and
N+4
T%'=—3" mrp¥ k. (3.3)
= .

The constraint equations R*=0 obviously account for
the vanishing of 7%’ and we will see that 77%' also
vanishes (to within a divergence). The generator
therefore becomes

N 3
G= f LS mdoA+E myndd™ ] (34)
A=l =0

On inserting solutions (2.8) of the constraint equations
and the coordinate conditions (2.6), one has

N
G= } &2 wadpt+T0.05%],

A=1

(3.5}

which is the standard canonical form for a field theory
generator with N canonical pairs of variables ¢4,m4
and a generator of space-time translations f 7°.8x*d%.
The Hamiltonian 3C= — fd% T is identical to the one
obtained in Sec. 2, thus showing the correctness of the
time-translation part. From the reduced Lagrangian
£r of Eq. (2.14), one knows that the correct generator
of space translations is the canonical field momentum

Py= fd3r‘1’00k5 - fd3?' Z 1?34)‘4,1;. (36)
A

{By Eq. (3.6) and the fundamental P.B. relations, one
has [f,Pr]=0xf}. From Eq. (3.3), one has

3
T% = T%—3_ oy k. (3.7
=0

On inserting the solutions of the constraint equations
(2.8) and the coordinate conditions (2.6), one obtains
TY% = T0%— 7%, (3.8)

Thus, the vanishing of 7% coincides with the
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consistency requirement for the spatial-translation
generators.®

We now show that 779 differs from 7°% by at most
a divergence of the canonical variables. We limit
ourselves to the case of general relativity. Here ¢4
=k 7T, ga=aiTT, 9%=VRT, and 9%=-2r%;
(notation is as in Sec. 2), while TC%=—giTTh;;TT ;.
‘The constraint equation which determines 7% in terms
of the canonical variables reads

~2Tii|j=0

3.9)
and can be written as
(3.10)

On inserting the orthogonal decomposition for 7%,g;; in
Eq. (3.10), one has

it = T TRy T [ 20t (77 i P 0
=3 TT(/ VAT 11,5 (3.11)

It is now necessary to show that the [ ] ; term of
Eqg. (3.11) is indeed a true divergence in the sense
that f'[ ].;d% vanishes for arbitrary values of the
canonical variables. These latter must vanish rapidly for
the system to be bounded (see IVb). When 7! and g7
are expressed in terms of the canonical variables, they
are seen to decrease as 1/r at infinity. Thus all the
terms in the bracket vanish faster than 1/%, and
therefore — 2x,7 ; differs from 7%, by a true divergence.
Further, since

=2 = —2gar™) ;= — g .

gii=0u+hi" T+ hiiT,
we find

—2mi == 2w 2L (haT ")), (3.12)

where the bracket in Eq. (3.12) is also a true divergence.
Hence

Pi=fdaf‘fe°f=f‘l’“idarE—sz”ﬁ,f- (3.13)

“This establishes explicitly that the term S &r7%8x
arising in Eq. (3.5) correctly generates spatial transla-
tions. The result holds also when matter is coupled to
the gravitational field, as shown in the Appendix.

Equivalence between 7% and 7¢ is valid for a
parameterized Lorentz covariant theory as well. If the
parameterizdation is carried out by rewriting the
Lagrangian in a generally covariant form, but with
Zur="ap(0¢"2/324) (04" +#/3x") (where 5.5 is the
Lorentz metric), then one finds for the 7% of Eq. (3.5)
the standard symmetric stress tensor of the original
theory.? As is well known, this differs by a divergence
from Tcok.

8 Conversely, the physical requirement that 7%’ must vanish
since it is the generator of translations with respect to the parame-
ters {on which the theory does not depend), would then lead to
the equivalence of 7% and T¢%.

9 It might be noted that the alternate type of parameterization
carried out for the scalar meson field in IIT, would lead to the
canonical tensor for 7%.
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4. DISCUSSION

In the preceding sections we have seen that in a
Lagrangian of the form

Nt-u
L= Z Tiad'l/at_NyR“(WJﬁbJ)a

I=1

4.1)

one may insert the solutions of the constraint equations
4= T% and the canonical coordinate conditions
N +#=§* to obtain a reduced Lagrangian

N
Lr= D wadp4/dl+ Too[rA,(bAJ 4.2)

A=l

whose equations of motion are equivalent to those of
Eq. (4.1). Consequently, given a Lagrangian that
differs from Eq. (4.1) by a total 3-divergence, the
consistent reduction method requires that this di-
vergence be neglected before eliminating the constraints.
In general relativity, then, the last term in Eq. (2.16)
should be omitted (as was done in III). Thus, the
canonical equations of motion in III are correctly the
Einstein equations. Indeed, if one had included the
divergence which actually appears in Eq. (3.1), the
energy obtained from the reduced Hamiltonian for the
Schwarzschild solution would have become $m rather
than m. Similarly, this Hamiltonian would give rise
to wrong equations of motion even in the linearized
approximation.

It was also seen that the generator associated with
the Lagrangian of Eq. (4.1) gives rise, when constraints
are eliminated and coordinate conditions imposed, to
the generator obtained from the reduced Lagrangian
of Eq. (4.2). Thus the consistency of the spatial
translation generators is guaranteed.

Recently, Dirac®® has suggested an entirely different
procedure for obtaining a nonvanishing Hamiltonian
in general relativity. His analysis is performed within
a generalized Hamiltonian formalism! and does not
make direct use of the fact that general relativity is a
parameterized theory when presented in generally
covariant form. The method involves writing the
vanishing Hamiltonian NV, R* as

N Rb= (No— 1) R+N:Ri+RO,

and dropping a particular divergence in the last term.
Thus, before the redundant variables are eliminated,
the new Hamiltonian density is weakly a divergence,
Next, thé redundant variables are eliminated by means
of the constraint equations, and one arrives at a
reduced Hamiltonian which is not a divergence in
terms of the remaining variables. The situation here is
just of the type discussed in Eq. (1.3). Such a procedure
seems to us to be logically incomplete. While with the

4.3

P, A. M. Dirac, Phys. Rev. 114, 924 (1959); Proc. Roy. Soc.
(London) A246, 333 (1958); Phys. Rev. Letters 2, 368 (1959).
1P, A. M. Dirac, Proc. Roy. Soc. (London) A246, 326 (1958).
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particular choice of divergence that Dirac makes, the
reduced Hamiltonian gives correct equations of motion
in the linearized approximation, no general proof is
given that the full theory is correct in this respect. It
is of interest to note however, that Dirac’s choice does
lead to the correct numerical value of the energy.”?

APPENDIX

Here we extend, for the case of coupling, the proof
given in text that the field energy momentum of the
reduced generator correctly generates space-time trans-
lations. For the momentum, our derivation consists, as
in Sec. 3, in showing that this momentum density
differs from the canonical one by a true divergence.
In V, it is shown that when the Maxwell field and
point charges are coupled to the gravitational field,
the coefficient of 8x* in the total reduced generator is
still —27% ;. The effect of the matter enters through
the constraint equations used to solve for —2x% ; in
terms of the canonical variables of all the fields. Thus,
Eq. (3.9) now reads

= 2wl ;= g* T,

(A1)
2 Since Dirac’s Hamiltonian differs from zero by a divergence,

its numerical value for a computation of the energy is given by
this divergence. Thus

E=— fdr[g¥(gg'), ;)= — L3 gg'), idS:.
On introducing the orthogonal decomposition of the metric
[Eq. (2.15)], we may, in the surface integral at spatial infinity,
neglect all terms beyond the linear one since g;; — &;; at spatial
infinity. This gives E=— ¢#[g7 :+(gii—g.7),;18S:;, but the
second term vanishes by Gauss’ theorem, leaving
=— F¢7,dS;,

the coordinate independent value obtained in IIT and IV. This
is also equal, as Dirac has noted, to the value obtained from the
surface integral form of the Einstein pseudotensor. (This discus-

sion assumes g,,, o~1/r® at spatial infinity; see IVc for a more
general treatment.)
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where the matter momentum density is
Tu®s=Br; 8+ [ pr(t) —ed T x—r()].  (A2)

In Eq. (A2), Bij=4;T x—A:7,; is the magnetic field,
&i=9"% is the electric field density and A4;T is the
transverse part of the vector potential. The quantities
r*(f) and px(f) are the canonical variables of the
particle. Hence 7% is independent of the metric and
has the same form as the symmetric stress-tensor’s
momentum density in flat space. Consequently, it
differs from the canonical momentum density,

T 0= 8747 1t p(DFr—1()]

only by a divergence. The proof of this makes use of
the fact that &= &7+ V (1/V?)ed®, where V2 is the flat
space Laplacian operator.

From Eq. (A1), one obtains the extended form of
Eq. (3.11):

=2 j=— a7 TT i+ TaitDijy  (A3)

where D;;,; is the divergence in Eq. (3.11). Hence
— 2=y ; differs by a divergence from the fotal canonical
momentum density,

TCO€= —_ 7rlmTTglmTT ,i+ Tf{ﬂi_

(A4)

Finally, as was shown in Eq. (3.12), —2r/ ; differs.
from —27% ; by a divergence.

That — V2gT correctly gives rise to time translations.
in the coupled case, follows immediately from the
results of Sec. 2. In V, it was shown that the coefficient
of 9,(—%#T) in the Lagrangian of Eq. (2.18) was.
unaltered by the presence of matter. Therefore, the
discussion of Sec. 2 is completely unchanged by
coupling.
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The possibility is examined that physical space is characterized
by a torsion, or an asymmetric connection, which is determined
by the matter field. There exists a space with uniform torsion
with the same metrical properties as conventional microspace;
it is isotropic and homogeneous with a very large radius of cur-
vature (R=10% cm). The momentum operators form a group and
for practical purposes commute. The torsion defines at every
point two kinds of parallel transfer or two screw motions of
opposite helicity. There are, consequently, two kinds of spinor
field associated with the space; they are distinguished by opposite
coupling to the torsion. Viewed from within the Lorentz group
the torsion produces an axial vector interaction. To interpret the

given mathematical model, it is suggested that there exists a
universal axial vector coupling between fermions represented by
the spinor fields and bosons associated with the torsion; and that
this interaction manifests itself macroscopically as a torsion of
space, in the same general way that gravitational interactions
correspond to a curvature of space. This general assumption leads
to cosmological models characterized by relations connecting the
average density of matter and the strength of the assumed inter-
action. For the observed average density of matter in the known
universe (~107% g/cm?) the proposed axial vector coupling turns
out, for a space of uniform torsion, to be of the order of the strong
interactions.

1. INTRODUCTION

UANTUM electrodynamics does not exclude small
departures from a Euclidean spacetime in situ-
ations where it has been tested and large departures at
smaller distances. The failure of parity conservation,
the new conservation laws, which are foreign to the
Lorentz group, and the old difficulties of field theory
suggest that the usual assumptions about microspace
should be reexamined.

The vacuum correlation functions of quantum field
theory (e.g., (¢ (x)¥(x"))) presumably characterize empty
space; nevertheless, they are calculated under the
assumption that configuration space is Euclidean. This
procedure appears to ignore Mach’s principle in the
sense that configuration space is postulated to be
independent of the matter field. At the same time the
matter field does define, in terms of such correlation
functions, a mathematical structure to be associated
with space, but which does not, according to the usual
theory, determine the geometry of that space.

Here we investigate, in a preliminary way, a gener-
alized spacetime in which the structure of the contin-
uum and certain quantum expectation functions are
codetermined in accord with Mach’s principle. In par-
ticular, the possibility is examined that physical space
is characterized by a torsion, which is determined by
the matter field. With respect to metrical properties,
the proposed space agrees with conventional micro-
space; it is isotropic and homogeneous, with a very large
radius of curvature (Re¢10% cm). The particular model
considered does not admit space inversions. It turns
out that the proposed theory may describe, if it has any
physical content, a universal axial vector coupling.

Attempts to generalize the theory of gravitation have
concentrated on the role of the electromagnetic field.
Here, on the contrary, we work in the neutral approxi-
mation suggested by elementary particle theory: all

* This work was supported by the National Science Foundation.
tJ. S. Guggenheim Fellow, 1959-1960.

particles are regarded as neutral and the electromag-
netic field vanishes identically. One might hope to get
in this way a unified theory of the Fermi and gravita-
tional interactions, which have the common properties
of weakness and universality. There is nothing, how-
ever, in this approach, which obviously excludes the
strong interactions and in fact the vanishing of the
electromagnetic field is the condition for the exact
isospin symmetry which characterizes the strong
couplings.

The mathematical basis for our work was given by
Cartan and Schouten'; an adaptation of their work for
the purposes of this paper will now be presented.

2. COORDINATE AND ENNUPLE
TRANSFORMATIONS

We consider a four-dimensional continuum in which
the coordinates x label the abstract points. It is postu-
lated that the physical laws do not depend on how this
labelling is done, i.e., that the physical laws are co-
variant under the general coordinate transformation

ale= f(xH). (2.1)

Equation (2.1) induces the tensor transformation of a
contravariant vector

Nbz=)\agy'n/ o (2.1a)
and corresponding transformations for other tensors.

In addition to the global coordinate transformations,
it is also necessary to consider certain local transfor-
mations (of ennuples). An ennuple is defined to be a
set of » linearly independent vectors? A¢,, where the
latin index indicates the vector; then

A== [am,] 0.

L E. Cartan and J. A. Schouten, Akad. van Wetens., Amsterdam,
Proc. 29, 803 (1926).

* Although ennuple refers to arbitrary , here it will always
mean n=4 or n=3,
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An ennuple transformation is defined as follows:
k"'u.«x =\ mama,

N =M\a.

2.2)
(2.2a)

“The determinant A is therefore a pseudoscalar. Ennuples
are important in any generally covariant spinor theory
because they are needed to define spin transformations
and the Lorentz limit of the general theory. Moreover,
the structure of a space which admits distant parallelism,
such as we shall discuss, may be exactly specified by a
parallel ennuple field.

Since A does not vanish, it is possible to find a
covariant vector Af,, such that

A =5,
A% \0g=89%.

(2.3a)
(2.3b)

The two ennuples A%, and A%, may be called reciprocal.
They are not contravariant and covariant components
of the same vector unless a metric is so defined that

Ag= gaﬂxﬂs-
Then
2 s AN%aA 8= gap.

However, consideration of the nature of the metric
will be deferred until the connection has been discussed.

3. CONNECTION

Associate with a given vector M* at #* another vector
A#+8\* at a nearby point according to either of the two
equations

k= — L gBxo\5,

oAk = — LF,gh 35,

A-)
(A+)

&\ is not a vector in general and L*,s not a tensor.
Let the symmetric and antisymmetric parts of L be

T#ap=3}(LFag+LFga), (3.1a)
Pag=3(LFap— LFpa), (3.1b)

where Q¢.s, which is called the torsion, is a tensor and
its contraction is a vector.

4. ABSOLUTE PARALLELISM

By integrating (A =) along a particular path, we
may associate two A’s at the end of the path with the
initial vector. However, the final vectors will depend on
the path in general.

Consider (A +) first. In order that the final vector
be independent of the path, the following equation
must be integrable:

Ny gr== OV QPN Lr 5=0. (4.1a)
The conditions of integrability are
L2gys=0, (4.1b)
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where L%, is the curvature tensor [see Eq. (7.1)].
We shall assume that the conditions (4.1b) are satisfied,
and that it is therefore possible to associate with a
vector at P another vector at any other point P’ in a
way which depends only on the points and is inde-
pendent of the path joining them. (A +) is said to
define an infinitesimal parallel displacement and vectors
related by the integration of (4.1a) are said to be
(+) parallel. The condition (4.1b) is the condition of
(+)-absolute parallelism according to which finitely
separated vectors may be said without ambiguity to be
parallel.

When this is the case the manifold may be specified
by an ennuple field as well as by a connection, for we
now have

INE/ BxBHN L ap=0.

By (2.3b),
Lrop=— NNt/ 93P = (IN'o/0xF)N*i.  (4.22)
The antisymmetric part of the connection is
Pap=F3Ni(Ba s — BN ) (4.2b)
" =3 (N 'a0p— A0, (4.2¢)
where

dg=0/ 0P,
The following invariants will also prove to be important :
(4.3a)

The inverse relation expresses the torsion in terms of
these invariants and the components of the ennuple

(4.3b)

Expressed directly in terms of the ennuple, these
invariants are

0%k = QLagh N3N

O p= %w ij/g)\“,‘)\ jo)\kg.

wip= )\"j)\ﬂk(aa)\iﬁ— a‘ekia), (4.3¢)

5. DISPLACEMENT OPERATORS

Because of their relation to the momentum, displace-
ment operators are of fundamental physical significance.
They are now defined as follows:

X =Ny, 5.1)

where X ; means the gradient operator in the direction
of ;. The commutator of two displacement operators is

(Xj,Xk) =Cij};X~£, (5.23)
where

(3.2p)

The displacement operators do not commute unless the
torsion vanishes. They do form a a group, however, if
the structure constants ¢%; are constants which satisfy
the Jacobi relations; we return to this point later.

Cljkz _(t)zj;‘;.

6. TORSION

In the usual theory of gravitation the connection is
symmetric and the torsion therefore vanishes. In the
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kind of manifold now under consideration the torsion
does not vanish, but for simplicity we restrict ourselves
to spaces which are homogeneous with respect to it.
Since absolute parallelism has been defined with respect
to the (4+) connection, uniform torsion will be defined
with respect to the same connection; and the conse-
quences for the (—) connection will be examined later.
Therefore the condition of uniform torsion reads

Q0p14+=0. (61)

The corresponding condition

I‘Ma Bly*= 0
is not a tensor equation in general, and (6.1) is therefore
the simplest differential restriction of the connection.

The left side of (6.1) means the (4 )-covariant deriva-
tive with respect to L¥.g and is an abbreviation for

Papiyt=0,WaptQagltoy— W L% 0y —Wa, L7, (6.2a)
= maﬂ, 7+ Qﬂaﬁﬂ“vv - Q"vﬁﬂaa7 - Q"avﬂaﬁ 7 (6- 2b)

where Q45 , is the covariant derivative with respect to
I*,5. The procedure followed in imposing (6.1) is very
special. In a more complete theory permitting variable
torsion, Eq. (6.1) would represent only a special class
of solutions.

7. CURVATURE TENSORS

In general one may define the curvature tensors?®

L"aﬂ'/: (1_Pﬁ‘v){aﬁL“u‘y'f'L”wL“w}; (7-1)
Btogy= (1“Pﬂ'y){aﬂr"a'r+r"a1r"vﬁ}, (7~2)
Dogy=LFapy— Btagy

= (1_Pﬂ‘r){Q“ﬂvlﬂ“*"vagvaﬂ'*_ﬂuwgﬂﬁ‘r}a (73)

where 1— Pj, indicates antisymmetrization with respect
to (Bv). Because of the (By) antisymmetry there are
only two contractions of B and Q.

The manifold under consideration is defined by the
conditions (4.1b) and (6.1). The B¥,s, satisfy the fol-
lowing symmetry conditions:

Buaﬁ'r'l'B“ﬂya'*‘B“‘yaﬁ:O. (7.43)
From (4.1b) and (7.4a) it follows that
ma37+9"61a+9"1aﬁ=0. (74b)
From (6.1) and (7.3)
Q5o g+ Vo g0y V5 Q70 5=0, (7.5a)
and
Q¥ gy =V5all sy, (7~5b)
B¥ gy =0 aeVgy. (7.6a)

There is only one nonvanishing contraction of Btag,,

31,. P. Eisenhart, Non-Riemannian Geometry (American Mathe-
matical Society, New York, 1927).
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namely,

Bag=We, gy, (76b)

since B.g is symmetric.

The preceding results depend on the assumptions of
(+)-absolute parallelism (4.1b) and (4)-uniform
torsion (6.1).

8. (—) CONNECTION

Denote the (%) connections by LF.s(%). Then by
definition

Lrag(—)=Lrga(+), (8.1a)
Tras(—)=T¥as(1), (8.1b)
Qap(—)=—Xap(+). (8.1¢c)

By definition of (4+) and (—) derivatives (6.2b),

3 (Pay1p—Layip) = Payipgt— Pay,p
= 0 4 g 0oy 0 sV, (8.2)
and

Qi+ = W ap)y~=Wap =0 (8.2a)

according to (7.5a).

Hence the given space has uniform torsion with
respect to both (4+) and (—) connections.

Since B depends only on T, it is unchanged by the
transformation (8.1)

Btagy(+) = Btagy(—). (8.3)

By Eq. (7.3)

Quaﬁ‘v("")—ﬂ“uﬁv(_) = (1—Pﬂv)tﬂuavlﬂ++9"avlﬂ_]-
By (8.2a)

Dapy (+) = Q"aﬁv("“)- (8-4)

By (8.3) and (8.4)
L"aﬁ“/("‘) = L"aﬁ‘r (+) =0.

Hence, if the (+) curvature vanishes, the (—) curva-
ture does also. Therefore the given space admits
absolute parallelism with respect to both (+) and (—)
connections.

9. DISPLACEMENT GROUP

The displacement operators X are the symbols of a
continuous group provided that the coefficients ¢?y in
Eq. (5.2) satisfy the following conditions:

Cij[;'—'-cikj, (9.1)
CP4iC%pCP k% iptCPricjp =0, (9.2)
actin/dx7=0, (9.3)

By definitions (4.3a) and (5.2b) ¢y is antisymmetric in
k and j because 4 is antisymmetric in « and 8. The
Jacobi relations (9.2) are satisfied in virtue of (7.5a).
That the c?;; are constants may be seen as follows. We
have

wiily*=0
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by (4.1a), (4.3a), and (8.2). But w'j is an invariant.
Hence

0wt/ 90X =wiy, 4+=0.
Therefore, the X do define a group.

The Cartan group metric may be defined in the usual
way,

Fmn=C"neC nr.

(9.4)

Cartan’s criterion that the group be semisimple is that
g=|gma| 0. (9.5)

In the Appendix it is shown that
g=0 (9.6)

for a four-parameter group. Hence the group of dis-
placement operators is not semisimple.
From Egs. (4.3b), (7.6b), and (9.4), we have

Bag=21maA\mA". 9.7

From (9.6) and (9.7) it follows that the determinant
of B,z vanishes:

| Bag| = (1)2\*g=0. 98)
10. METRIC

The manifold so far discussed has no metric proper-
ties. To connect with either the quantum theory of
fields or the classical theory of gravitation a metric
must appear at some stage. In the nonsymmetric
theories of Einstein and Schrédinger, the metric, like
the connection, is asymmetric; but the asymmetry in
the metric is there interpreted in terms of an electro-
magnetic field, which vanishes in our neutral approxi-
mation. We are here going to assume that the metric is
symmetric:

§ap= gBa- (10.1)

In addition it will be assumed that the space is
homogeneous with respect to the metric in the same
sense that it is with respect to the torsion [Eq. (8.2a)],
that is,

8asiv*=gapiy™ =0 (10.2)
or
(agaﬂ/ax.’)+guaLvﬂ‘r+gﬂﬂL6u7=0 (1023.)
and
(88ap/ 0%+ gaoL 4+ g8 L7 4a=0.  (10.2b)
If we add (10.2a) and (10.2b) we obtain
(9gap/ 027) + gaoT " vg+ 2os T 4a=0 (10.3)
or
gaﬂ,y=0- (1033)
Hence,
ZaBlr*=ELoply = Lapy=0 (10.4)

in correspondence with (8.2a). The geometric meaning
of (10.4) is that angle is unaltered in (+)-, (—)-, and
(0)-parallel displacement. The postulate (10.2) is
especially important since it permits the introduction
of two spinor fields everywhere.
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Our other assumption about the metric (10.1)
permits us to solve (10.3) simply, with the result

“
Pl‘aﬁz{ l’
af

where { } is the Christoffel symbol. It is therefore no
longer necessary to distinguish between covariant de-
rivatives with respect to I and { }.

If (10.2b) is subtracted from (10.2a) the result is

(10.5)

8ao8y+ gop W ay = 0 (10.6)
or
Qapy=—ay, (10.7)
where
Qopy=gaeWVay. (10.7a)

The torsion now determines the Ricci tensor by
(10.5) and (7.6b) according to the equation

Rag=Bog= D0 Wpn
It also follows that

(10.8)

Ra§,1=0. (10.9)

In addition there is still the algebraic restriction (9.8)
or

| Rag| =0. (10.10)
Finally,

Q% 45= g0y 05=0. (10.11)

The independent tensor fields defined in the space
are 8%y, €agys, as, and ,g. From these may be derived
0%, =05, which vanishes by (10.11) ; g4, 23, =Qusy,
which is completely antisymmetric; and

o= (1/3!)e*P"Q0gy,

which is an axial vector satisfying the equation

(10.12)

e*a=0. (10.13)
The general solution of (10.9) is, therefore,
R¢ﬂ=a’guﬂ+bg¢a¢ﬁ) (1014)

subject to the algebraic condition (10.10).

There are 10 equations to be solved for the 10 g4 in
terms of the ¢, The special type of space under con-
sideration is therefore entirely characterized by the
single axial vector field ¢,. The same conclusion may
be reached by writing R,s in terms of the 24 Q.5 which
are subject to the 16 Jacobi relations (7.5a) and the
four conditions (10.11). It may also be remarked that
in general one cannot begin by assigning the metric,
because the 10 equations for ¢, may then be incon-
sistent.

11. PARALLEL DISPLACEMENT OF
ORTHOGONAL AXES

Three kinds of parallel displacement have been de-

fined, namely,

50)\"1' = F“aﬂ)\aiaxﬁ,
0L A% =8N T P 4gM % 58,

(11.0)
(11. =)
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(=) are integrable and define two ennuple fields every-
where. On the other hand, the condition for the integra-
bility of (0) is

Rﬂﬂﬁ‘r__‘oy

which in general is not satisfied.

According to (10.4) angle is preserved by all three
kinds of parallel displacement. Hence, an orthogonal
ennuple, defined at any point P, remains orthogonal
after displacement to any other P’ according to each
of the three equations (0), (+), and (—). However, if
the displacement is made according to (0), theresulting
ennuple at P’ depends on the path.

Let M#; be a set of linearly independent vectors at P.
We may in the usual way construct from M*; and the
given metric at P an orthonormal set a*;, say. Then

gwa*(1)a*(5)=8(,5) (11.1a)
or
where
au(5)=guwa’ (7). (11.1¢)

According to (11.1b), ¢*(:) and a,(s) are reciprocal
matrices. They are also reciprocal in the reverse direc-

tion, i.e.,

2 at(k)an (k)= (11.2a)

2 a* (k)M () =g

The previously introduced vectors A*; and N\, now are
replaced by ¢*(4) and a,(7), which may be regarded as
contravariant and covariant components of the same
vector.

Fhe orthogonal ennuple at P displaced according to
(0), () leads to three others at P/, namely,

a*(3,P’) and @ (¢, P).

or

(11.2b)

These three orthogonal ennuples at P’ are then related
by rotations. The formulas will be somewhat simplified
if the metric at P’ is chosen Cartesian so that covariant
and contravariant components are equal. Then one has
for infinitesimal rotations, corresponding to infini-
tesimal displacements

#*1a(8)=0a4(i,P') — ao(i,P") = 2w a(k,P)8,0(k,1), (11.3)

where ¢(i) means the vector with components a*(z)
=g,(1). According to the formula for parallel displace-
ment (11. &), we have

3ok a#(£)8..0 (k)3) = F QPopa® (2)d2P,
and therefore
5.,0(k,5) =F QP pa*(0)a, (k)65

Since the metric at P’ is assumed to be Cartesian, the
preceding equation may be written in the following way :

5,0(ki)=F Y Quastu(k)aa(i)osf.  (11.4b)
maf

(11.4a)
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Since Quag= — Qaus, wWe also have
6:1:0 (kﬂ') == 6:!:0 (7'7k) ’

which is necessary for an infinitesimal rotation.
Equation (11. &) becomes

51a(i)=080a(d)+ 2 a(k)6,0(k,).  (11.5a)

The integral form of Eq. (11.5a) may be written as
follows:

Aza(i)=00a()+ 2k a(R)Os(k,i), (11.5b)

where Aa(i) means a path-dependent parallel dis-
placement and O.(%,i) means a rotation at the final
point of such magnitude that A e(7) is path independ-
ent. Here, Oy=—0_.

In the way just discussed one may associate with
the given space two orthogonal ennuple fields, which
are (+) and (—) parallel. These define at every point
the connection according to (4.2a) and the metric ac-
cording to (11.2b). We may finally check that all
covariant derivatives of g.s vanish, when they are
defined according to (11.2b):

gaslv= 2 @ai~(2)as(2)+aa(i)ag»(2)]
since
Qaly (7,) = 0.
We also check

gepn=2_d an(d)as(i)+aa(2)asa(2)]
=43 LV aa, (1) as(2)+Vara. (1) aa (i) ]
=+ (Qca)‘guﬁ_"ﬂaﬁ)\gva) =0~

12. SPINORS

To introduce spinors it is necessary to define an
orthogonal ennuple field everywhere. In general the
field so defined is altogether unrelated to the structure
of the space. When the geometry permits absolute
parallelism;, however, as here, the situation is much
simpler since in that case the connection is completely
specified by a parallel ennuple field [Eq. (4.2a)].

Except for the fundamental simplification just noted,
the introduction of spinors proceeds in the usual way.
Corresponding to the (4) and (—) parallelism, how-
ever, there are two kinds of ennuple field ¢*, () and
two kinds of spinor ¢,. Define

=2, a1 0+ (d), (12.1)
where the v, () are the usual constant Dirac matrices
(v (0),y(B)} =283 %). (12.22)
[The distinction (=) will not be indicated explicitly in
general. ] Then
{(Y¥7" 1+ =22 a*(3)e* (1) =2gm. (12.2b)

The * are vectors under coordinate transformations.
Next, define the fields ¥(x) and ¥(x), scalars under -
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coordinate transformations and spinors under ennuple
rotations. Under the rotation 80(3,k),

& =[380(i, k) (5)y (k) ¥,
&=—y[300GR)y(@)v(k)].
13. PARALLEL DISPLACEMENT OF SPINORS

(12.32)
(12.3b)

Define the infinitesimal parallel transfer of a spinor
by the equations
o=—AY,

W=yA4,
where A=A,8x* is the spin representation of a rotation
associated with éx#. This rotation is usually determined
by comparing the orientation of an ennuple moved by
(0) transfer with that of the reference ennuple. Here
the reference fields are defined by the structure of the
space, and they are of two types, corresponding to
(+) and (~) parallelism. Consequently, there are also
two ways in which a spinor may be parallel displaced;
these will be distinguished by 8, and A.. Equation
(13.1) will now be completed by the specification of A
as follows:

(13.1a)
(13.1b)

Ay =TFLQ gy y20xP. (13.1c)

The A defined by (13.1) is, by (12.3), the spin repre-
sentation of the rotation (11.4a). Corresponding to
(13.1) there must be similar relations for the 4*y,
which are defined by (12.1). Since the law of parallel
transfer for the a*,(z) is already fixed it is only necessary
to assign the corresponding law for either ¥*., or v.(3).
It is possible to adopt the following law:

dyts=— (T¥apt W ap)y s 00P.

Since both (+) and (—) derivatives of g.s vanish,
according to (10.4), Eq. (13.2) preserves the com-
mutation rules as required:

(13.2)

L8 (ysy+y'y*) = dg™. (13.3)
From (13.1) it follows at once that
() =0. (13.4)

The corresponding equation for a vector may be checked
as follows: Consider

A =¥y, (13.5)
then
M= (AP — P AW (YWY
= (AP — (Trap= D ap) A 2025,
By (13.1¢),
(A"Y)‘) =%F %Qﬂaﬁ ('Y»Yay'y)‘)axK
But
(e =2(v'g—vg"?).
Therefore,
(A7) =gy oa?
and
SAM= —TN gA"5x5. (13.6)
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Therefore, if the displacement of a spinor is defined by
(13.1), then the resulting equations for the vector
(¥4 1) come out correctly for (0) transfer, if (13.2)
is adopted for &y*,.

The corresponding covariant derivatives are

Vis= O 1 uas VYV,
Vis= 00TV (1 Quap¥*1°)-

The two signs correspond to the (4)- and (—)-parallel
ennuple fields. The invariant derivative is

Y18 ="P 0¥ 1 uasVPr*v Y

(13.7a)
(13.7b)

= (vP 95 1 etV YOI (13.8)
Define
7= (1/4) enspr?r"v*Y", (13.9a)
Y*=3(v",7), (13.9b)
then
= (1/3)g™ nuoe¥1*Y", (13.9¢)
and (13.8) may be written
Y= [’Y“a#i v ‘Pn]\l’v (13-10)

where ¢, is given by (10.12). The formal analog of the
Dirac equation is

[rautdveo. Wa=mp., (13.11a)
and the corresponding massless equation is
[v*9u= 3v® o W+=0. (13.11b)

As emphasized before, the ennuple field ordinarily
introduced to define the parallel displacement of spinors
is unrelated to the affine connection; instead, it defines
a spin connection. Consequently the usual generaliza-
tion of Dirac’s equation depends only partly on the
affine connection. Here, on the other hand, the inter-
action term is determined entirely, and simply, by the
torsion.

14. SUMMARY

The space under consideration has been defined by
the following properties:

(a) distant parallelism: L., (4)=0;

(b) uniform torsion: Q*,g,+*=Qag,~=0;
(c) symmetric metric: g.s= gsa;

(d) distant congruence: gag|y*= gagj,-=0.

By (d) is meant the congruence at different points
of two configurations which are related by parallel
transfer. There are two kinds of distant parallelism and
congruence, and they are formally related by a trans-
position of the connection. In any physical interpre-
tation transposition symmetry must play a fundamental
role.

15. COSMOLOGICAL MODEL

In this section we consider the simplest nontrivial
example of a spacetime which satisfies the general con-
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ditions which have been set. This model was first
studied by Robertson! in a different connection.
Consider the line element

ds?=df—F(r 1) (d2+dy*+dz?), (15.1)

where
Fr)=1+3KO)r=G@)[1+3iKs*]2 (15.12)

and

2=yt a2, (15.1b)

Here ¢ means the time, and surfaces of constant ¢ define
hypersurfaces of constant curvature K (¢). These three-
dimensional sections are isotropic and homogeneous.

We shall further specialize by assuming that K(¢) is
independent of the time. This specialization corresponds
exactly to the static Einstein model when the connection
is symmetric; however, since we are postulating an
asymmetric connection, it is necessary also to specify
the torsion, and in such a way as to be consistent with
the given metric.

We shall see that the following eight functions are
consistent and define a continuum with the metrical
properties of an Einstein space.

ga=—F(r), ;=0
gu=1, Qiir=weqje. (15.2)
The Christoffel symbols are
T4 =T%43=0,
Tiy=—3KF}(Sux'+-8, 5% —8zx%), 1, 7, k#4. (15.3a)
The asymmetric part of the connection is
Q4=0iy=0, Qj=—F'Qy=—Floeu (15.3b)

The Ricci tensor calculated directly from the metric is
R;j=—2KFé;;, 1i,j#4 (15.4a)
R¢4=0’ a:l’ RN 4. (15.4b)

The following relations, which must hold according
to (10,9) and (10.10), may now be checked:

Raﬂ,-y:O, (15.5)
| Rag| =0. (15.6)

On the other hand, the Ricci tensor is directly related
to Q%g,
-Rij= Qmingnjm

= (w/F)zzm,neimnfjmn,
= —2(w/F)%y;, (15.7a)
and
Ra=0, a=1--- 4, (15.7b)
One sees that (15.7) and (15.4) are consistent if
w?*=KF? (15.8a)
or
wt=—Kg. (15.8b)

+H. P. Robertson, Ann. Math. 33, 496 (1932).
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By (15.3a) and (15.3b), we have

Ltap=L*4g=L*4=0,
L'-jk= - (KF)*E;,‘],—' (K/Z)F* (6.~kxf+8.-,~x"— cS,-kx") .

The fundamental (=)-ennuple fields satisfy the
equations

A o= g AE; =0, (15.9)

If we choose M\ =3, these equations are satisfied in a
trivial way. In order that the other three vectors be
orthogonal to A*4 choose

)\4,‘=0.
Then the Egs. (15.9) simplify:
MN#/3x4=0 (15.9a)
and
Ny ok QUeaMBi=0, 4, 0,8, =123 (159b)

The set (15.9b) has to be solved for three orthogonal
fields A&,

16. ENNUPLE FIELD AND THE
DISPLACEMENT GROUP

The solutions of (15.9b) may be obtained by the
following geometric method. The equation of the hyper-
sphere ({=const) may be written in a simpler form by
introducing the four variables y* such that

y*b=F(r)x*, (16.1a)
yi=K}Q2F—1)=K}(1—-1Kr?)/(1+1Kr?). (16.1b)

Then
.%d(y")2= 1/K. (16.1¢)

This sphere is invariant under the four-dimensional

orthogonal group with the six generators
YVag=y%8/3yP—yBd/dy~ (16.2)

The group O4 has two invariant subgroups with gene-
rators

(@) VsutVie
(b) Yau—Yu

Yl4+ yza
Y14— Y23

VotV
YVou—Va.

(16.32)
(16.3b)

Each of these two subgroups is a three-dimensional
rotation group.

The symbol ¥, corresponds to a rotation in the
12 plane; ¥'3, corresponds to a rotation in the 34 plane,
and therefore to a translation in the 3 direction. The
two invariant subgroups (a) and (b) therefore describe
screw motions in the direction of the three spatial
axes; (a) and (b) differ in the helicity of the screw dis-
placement. We shall now see that these two screw
displacement groups (a) and (b) are exactly the two
displacement groups, based on the (+) and (~) con-
nection.
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In terms of the original coordinates (x,y,2,f), which
may be more directly interpreted, the generators of the
screw motions become*

Xi=M;0/0%%, i, u=1,23 (16.4a)
where
My(£) =Ktk 82), (16.4b)
= e, (16.4c)
4= K-[3+(2—F})+1Kao'x], (16.4d)
and

3 AENE =F15e8, (16.46)

It may now be verified directly by substitution that
the ennuples (16.4b) satisfy the differential equations
{15.4) and therefore may be obtained by (+)- and
{—)-parallel displacement.

The ennuple invariants are

W= 2% A APy (16.5)
By (16.4¢),
Ai=FX\e,. (16.6)
Hence by (15.3)
w"jka -~ Zwiﬁijk;
‘where .
A= AN, 7, s, i=1,2,3, (16.7a)
but
A(—g)i=1, (16.7b)
so that
wip=2K}e;y. (16.8)

The commutation rules for the two displacement

groups are now
(X 47X k) = 0)

X, X)=c"uXm, k174

(16.9a)

(16.9b)
where
= e a™y= 2K e im.

The commutator of two spacelike displacements is pro-
portional to K? or inversely proportional to the radius
of curvature. The usual commuting momentum opera-
tors may be regarded as approximations to the X from
which they differ by a small rotation, which is again
inversely proportional to the radius of the space.

The group metric is

Frnn=C"mel%yp
=—8Kémn, m,n=1,2,3
Jatr=0, a=1,---,4
and by (9.7)

© Ruy=31fmaA™A
= “‘2K Zm )\”'k)\’“z
=—~2KFbu, k1=1,2,3
R¢4=0 ‘s 4

by (16.4¢) and (16.6). This checks with (15.4).

(16.10)

az]_’ .o
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17. GROUP OF THE SPACE

The three-dimensional sections (f=const) are carried
into themselves by the Gs which has already been dis-
cussed. However, as was already pointed out by
Robertson,* the three-dimensional sections do not
admit improper rotations unless K=0; but if K=0,
the model is empty since then the curvature and
torsion both vanish. Therefore the proposed model of
spacetime is not reflection invariant. On the other
hand, the complete four-dimensional space does admit
time reversal.

The reflection x, — —x; induces the transformation
ntt—> 9F¢ If this transformation leaves invariant
the structure of both ennuple fields, and therefore
carries the space into itself, it must be equivalent to an
ennuple transformation with constant coefficients. This
is clearly not the case, however, since £ itself depends
on position. A reflection therefore changes the structure
of the space. Our tensor equations are to be understood
as follows: the space is defined in a special coordinate
system by Eq. (15.2) and in all other coordinate systems
connected with the special one by a transformation with
positive Jacobian.

18. GROUP OF THE SPINOR EQUATION

Equation (13.11) is generally covariant by derivation.
Both terms of the operator are separately invariant with
respect to general coordinate transformations. The
spinor is invariant with respect to general coordinate
transformations and therefore so is the equation. With
respect to ennuple rotations, ¢ is a spinor, and covari-
ance may be shown in the usual way. (The permitted
rotations must be independent of position to preserve
the parallelism of the ennuple field.)

Although the differential equation is formally in-
variant under coordinate reflections, these transforma-
tions are not permitted since they do not take the space
into itself. Reflection now corresponds not to an alter-
native description of the same physical space, but to a
different physical space. The group of (13.11) therefore
does not include improper coordinate transformations.

However, there are no similar restrictions about using
either right- or left-handed ennuples. Reversing an
ennuple changes the signs of X,;(i=1,2,3) while d,
and ¢, are invariant. It follows that the equation is
invariant if

V(@) =7@¥(x). (18.1a)

The equation is therefore invariant under ennuple re-
flections. Hence in general we take ¢ to be a spin basis
for the improper Lorentz group.

In order to compare (13.11) with the usual Dirac
equation one has to consider regions of space which are
small enough to be regarded as approximately flat, For
such a small region (13.11) admits coordinate reflec-
tions, even though it does not admit coordinate re-
flections in the large. To see this, consider the neighbor-
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hood of the point #=0 (which is not a special point
since the space is homogeneous). There A(x) differs
from A (0) by terms of order x/R; it is these terms which
change sign and prevent the space from going into
itself under a reflection. If these terms of order x/R are
neglected, however, then the neighborhood of the origin
does admit reflections. Since the differential equation
is formally invariant in any case, one may now say that
to this approximation the differential equation also
admits coordinate reflections. In this same approxima-
tion the displacement operators commute.

To complete the correspondence with Dirac’s equa-
tion one notes that the ennuple ordinarily used to define
spinors also defines the coordinate system. The con-
ventional reflection therefore means simultaneous
coordinate and ennuple reflection. The equation is
consequently invariant under conventional reflection if
¥ changes according to the familiar equation

¥ (@) =7 (—2).

Consider next the case of zero mass. It is now possible,
though not necessary, to work with two component
functions ¢, and y.. restricted by the conditions

(18.1b)

Ybr =V, (18.2a)
Y= —y_. (18.2b)

The differential equations then become
[y*ou+ v+ (1475 ou W4 =0, (18.3a)
[v*ou+3v*(1—7%) o, p—=0. (18.3b)

The violation of parity in (18.3) is associated with the
vanishing of the rest mass and has nothing to do with
the torsion.

19. MACH’S PRINCIPLE

According to (10.14) the structure of the given space
is entirely specified by ¢*.®* By Mach’s principle ¢* in
turn should be determined by the matter field. How-
ever, that is not yet possible because our field equations
are incomplete. We intend to continue the systematic
discussion elsewhere but for the present let us tenta-
tively suppose that the torsion is determined by the
matter field in the simplest possible manner, namely,

e*=rvvy), (19.1a)

where 7 is a constant which must have the dimensions
of a length. Then (13.11) becomes

[y*aut+ 372 (v vy ") vsvu W =my.
8 According to gravitational theory the corresponding equation

is
R —3Rgw+Agw=—kT .

This equation is consistent with (10.14) and restricts the energy
momentum tensor to the form

Tw=dgu~+eoue:

(19.1b)
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Equation (19.1b) is the nonlinear spinor equation. It
has been pointed out by Pauli and Heisenberg® that, in
the case m=0, this equation admits the Gursey group,
which is isomorphic to the neutrino and isospin groups.

Equation (19.1) is meant to be illustrative only.
Another possibility is

(O—N2) er=7(Frv*vA),

where A is a length and v a dimensionless coupling
constant. Equations (19.1) and (19.2) correspond in
the language of the quantized theory to axial vector
interactions of the Fermi and Yukawa type. From the
point of view given here, equations such as (19.1) and
(19.2) would have to be obtained from the generally
covariant theory with variable torsion.

(19.2)

20. QUANTIZED THEORY

If ¢ and ¢ are regarded as quantized fields then of
course quanta will be associated with the torsion as
well as with the matter field, and in that case the
assumption of constant torsion cannot be made. The
previous remarks about reflection invariance in the
small also no longer apply : one expects, however, that
it is possible to construct a quantized field theory which
does not conserve parity.

Since we do not have a complete set of field equations,
little can be said about the quantized theory at this
point. However, Egs. (13.11) and (19.2), or (19.1b), are
complete and may be regarded as the equations of
motion of a quantized theory which is suggested by the
geometry. In order to interpret (19.1) as an ordinary
Fermi coupling between quantized fields, the conven-
tional coupling constant must be related to the length
appearing here as follows:

g/he=r%. (20.1)
With g=1.4X10"% erg cm?, one has r,=2.1X10-16 cm.

Although quantum mechanical effects are generally
beyond the scope of this paper, it is of interest to discuss
the following situation, which is not entirely classical,
in order to interpret our results. Consider a closed space
of uniform torsion uniformly and diffusely filled with a
gas of identical fermions which are described by the
quantized field ¢ obeying Eq. (13.11a). For ¢ write

Y= Zx Uiy,

where the a; are the annihilation operators and #; is a
free particle solution satisfying the classical equation

(20.2)

[v*dut3vov* o Juw=mus (20.2a)

with

o oh=(0,0,0,0). (20.2b)
¢ W. Heisenberg, 1958 International Conference on High Energy

f’gh‘%s)ws at CERN (CERN Scientific Information Service, Geneva,
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The u; are very nearly plane waves, but closed on
themselves. Assume that all energies are so low that
the number of free bosons present is negligible and that
the only effect of the boson field is to mediate collisions
between the fermions. Then we may make the classical
approximations, corresponding to (19.1b) and (19.2),
respectively,

) (20.3a)

=y f Le™/r Koy )dr, (20.3b)

where (---) means expectation value for a given
quantum mechanical state of the whole gas. In this
approximation one may say that the structure of space
(which is entirely defined by ¢*) and the expectation
function (Jy5y#p) of the matter field are codetermined.

Ignoring velocity dependence, we crudely approx-
imate the magnitude of ¢ in the two cases as follows:

(20.4a)
(20.4b)

=r’p,
e=24mryN?p,
where p is the average effective particle density in space.

On the other hand, according to (20.2b) and (15.8b),
the magnitude of ¢ is

w=K}(—gi=1/R, (20.5)

where R is the radius of curvature and we have put
(—g)¥=1. For the given model of spacetime, the total
three-dimensional volume (V) and mass (M) are

V=27R3, (20.6a)
M=4x*R/«, (20.6b)

where « is the gravitational constant: x=2X10"%
cm/g. The matter density is

pm=M/V=2/kR2. (20.6¢)

We have assumed that all particles are alike and
neutral. Let the total number of particles be N and
the mass of a single particle be My. Then the particle
density is

p=N/V=pn/Mn,

and by (20.5) and (20.6¢) it is possible to write (20.4a)
in either of the equivalent forms

N=2r2(R/r),
r=[3R«My 1.

(20.7)

(20.8a)
(20.8b)

The corresponding formulas based on (20.4b) may be
obtained by replacing r by (4my)*\. These results relate
the radius of the space to microscopic constants.
Although the argument leading to (20.8) is meant to
be only roughly illustrative, it is clear that relations
like (20.8) do exist for the given model.
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21. PHYSICAL INTERPRETATION

The model of physical space under consideration has
the properties (14a)—(14d), and in addition is static,
homogeneous, and isotropic; it is therefore very similar
to the usually accepted microspace. It is nevertheless
essentially different from the configuration space of
quantum field theory in having an asymmetric con-
nection or torsion. The existence of the torsion prevents
the space from having reflection invariance. Viewed
from within the Lorentz subgroup, the torsion trans-
forms as an axial vector; roughly speaking then, one
may say that the proposed model modifies the usual
equations of elementary particle theory by the intro-
duction of a fundamental, axial vector coupling.

If an ennuple is (+) or (—) displaced from P to P,
the new ennuple at P’ may be regarded as obtained by
first making a (0) displacement and then a rotation at
P’, where the amount of the rotation is determined by
the torsion and the sign is opposite in the two cases.
Regarding the (0) displacement as the analog of an
ordinary translation, one may say that the torsion
defines at every point two screw motions of opposite
helicity. One may say also that the torsion field dis-
tinguishes between two kinds of spinor field (1) ac-
cording to Eq. (13.11), where ¢, and y_ are asso-
ciated with parallel transfers of opposite helicity.

If one tries to relate the massless equation to the
neutrino then (18.3) appears to be a better choice than
(13.11b) since the only interactions of neutrinos with
other matter appear to be weak; with this choice the
parity violating interaction term in (18.3) would be
identified with the universal weak coupling. According
to such a viewpoint ¢* is, in the classical theory, related
to the torsion of space and in the quantized theory it
is related to the weak couplings.

Such an interpretation is not necessarily inconsistent
but is, in fact, similar to the usual view of the quantized
gravitational field. That is, the distribution of matter
is believed to produce a curvature of space which may
be specified by the metric field (gqs). We shall now
postulate that the matter distribution also produces a
torsion (¢*) of space. In the geometric analysis of this
paper, ¢* must be regarded as a classical field just as
gap represents the classical gravitational field. By this
one means that ¢* and g.s are to be interpreted as
quantum expectation values. At the classical level they
are both universal because of their common geometrical
interpretation.

In order to establish a meaningful connection with
elementary particle theory, the classical axial vector
field should, according to the usual view of such
matters, be interpreted in terms of quantum field
operators. Because so little is known there are several
possibilities.

First, it is not clear to what extent contributions to
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the torsion could arise from the strong as well as the
weak couplings. The weak interactions are now believed
to be axial vector (or vector) with equal parity con-
serving and parity violating parts. However, it is quite
possible that the strong interactions are also axial
vector (possibly with a small parity violating part). [In
this connection it is important that Eq. (19.1b), with
m=0, admits the Gursey group, which describes baryon
as well as lepton symmetries.] If it does turn out that
the strong interactions are partly or wholly axial
vector, then the torsion should be determined mainly
by them.

There is next the formal question whether the ¢
operator should be regarded as a boson field or as a
bilinear product of fermion fields. The former view
corresponds to assuming an intermediate boson. Ac-
cording to the latter possibility, the basic interaction
is a four fermion coupling.

The last question which we shall mention concerns
the possible existence of diagonal terms in the Fermi
couplings, i.e., terms of the form

WPovsvds) Gysvbi),

where 2=/ and i=j. We shall assume that there are
such terms and, in fact, that the macroscopic torsion is
related to the microscopic theory as follows:

ox= 8/ B L i ovsvibi)=(g/ho)(- - -)

summed over all fields interacting with the given field.

This last equation should be interpreted in the same
way as (20.3a) and (20.3b) of the previous section. There
we considered a gas of identical neutral fermions filling
a closed space and determining the torsion of that
space according to Egs. -(20.3), which are essen-
tially the same as (21.1). We shall now ask in general
terms how such a space checks as a cosmological model
if the fermions are imagined to be nucleons and their
¢ coupling is regarded as a point or very short range
interaction. In sufficiently energetic collisions new par-
ticles will be produced because of this coupling and the
cross sections for such processes will be determined by
the lengths 7, and yA. However, under cosmological
conditions, nuclear collisions occur at low energy and
are adequately described by a classical nuclear potential.
In the approximation adopted, it may be supposed
that these collisions are just sufficient to maintain the
consistency of the very slightly curved (1/R) plane
waves.

The observed density of matter in space is pa=¢10—%0
g/cm®. That corresponds by Eq. (20.6c) to R=10%
cm. If this value of R is put into (20.8b) one
obtains =102 c¢cm. That may be compared with
7;=1071¢ c¢m, which characterizes the weak couplings.
If this estimate is taken seriously, then it follows that

(21.1)

R. FINKELSTEIN

the torsion estimated from the observed averagedenbiﬂw ,
of ma¥tér'cannot be attributed to the weak couplings.:
On the ether hand, if the pion coupling is written as'a
pair interdction, as in the theory of the composite pion,’
then the value of the Fermi length is =10~ cm (since
the corresponding coupling constants differ by 109).
Therefore if the proposed geometry and the estimate
based on it have any physical content, it would appear
that the torsion of space is associated mainly with the
strong interactions. These results, if they are not for-
tuitous,® suggest that a field theory based on an
asymmetric connection is of great interest in connection
with both the strong and the weak interactions.

These final remarks, beginning in Sec. 19, have outrun
the systematic analysis, which is based throughout on
the assumption of uniform torsion. This assumption per-
mits an exact geometric analysis but prevents us from
writing a complete set of field equations. In its present
form, the physical model is subject to the restriction
that it describe only one neutral fermion field—except
for the distinction between y¥(+) and y(—). Finally,
no physical interpretation of the fundamental duality
between (<) and y(—), i.e., of the transposition sym-
metry, has been given in this paper.?®
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7 This may be estimated by writing

gF(Per - 05) (M - - p5)=ghe(2m/ e} exp (ips/R) (fis- + < p5).

The left (right) sides refer to a Fermi (Yukawa) description of
x~+p —n. Here (P<--+n,) is the composite pion and <(>)
means negative (positive) energy. We factor

P *Bs=€Xp (i?rx/h)“ (O)’

where p, is the momentum of the composite pion and u(0) is the
amplitude of the internal wave function at zero separation. Let
us put

(4x/3)(R/McP|u(0)|*=1,

where #/Mc represents, very roughly, the “radius” of the pion.
Then

er= (4w /3 (M [ 2m )} (4w g /b (M) (B/ Mc).

With g8/#c=15, one obtains gr=210—4 erg cm?,

8 It would be meaningless to refine the numerical estimates at
this stage. However, if the general point of view of this paper can
be maintained, then in a more complete theory the following
improvements, among others, should be made: (a) the astronom-
ical facts should not be approximated by the static Einstein
model, but instead by a more realistic expanding model, (b) the
density p=107% should be replaced by an effective density which
takes into account the velocity dependence implied by 5. This ef-
fective density would be negligible for intergalactic hydrogen and
somewhat reduced for nucleons in nuclei.

¥ The distinction between ¢ (+4-) and ¥ (—) may depend on the
theory of the electromagnetic field. It is possible to introduce the
electromagnetic field in such a way that transposition symmetry
corresponds to charge symmetry.



SPACETIME OF THE ELEMENTARY PARTICLES

APPENDIX
Define

Cmnp™ gmtctnzr

The ¢mnp are completely antisymmetric because of the
Jacobi relations.
Construct
0= (1/3) e ?%CpnpX s}
then
6,X,)=(1/3)emnPoc,, 0645, X s

Assume §0. Then §™* may be constructed. Assume
g™ diagonal. Then

(9,X1) = [61346521‘*'62146t31+61236t41:|Xt
=B'X,
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and, if /=2, for example,

B?=¢34¢% 121467311 C12362 01
= [ caracon1+c1236241]=0.

Hence, if §=0, it follows that

6,X)=0.

In a new representation such that X,'=6 one has
¢’ =0.

It follows that
§'=g=0.

Therefore, the assumption that §>0 is inconsistent.
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Errata

Double Commutator in Quantum Field Theory
[J. Math. Phys. 1, 231 (1960)]

R. F. STREATER
CERN, Geneva, Switzerland

Equations (11) and (12) should read:

2> 412 42> 2 4. or
D(p,q)=0 unless Pomé, ¢2ms, pg>0 (11)
P2> mllzy (P_Q)2> mﬂ’y P' (P—Q) >0
D(p,g)=0 (12)
in this spectrum.
That is, the conditions p-¢>0, p- (p—¢)>0 to Eq. (11) have
been added.

Analytic Properties of Radial Wave Functions
[J. Math. Phys. 1, 319 (1960)]
RoOGER G. NEWTON

Indiana University, Bloominglon, Indiana

Page 321, line before Eq. (2.15): Read “(2.14)” for “(2.12).”
Page 330, line 8 below Eq.. (5.1'): Insert “if” between “|ko|”
and “is.” Page 334, line 5 below Eq. (6.2): Read

(eilkralkr’), 1<,
Ufi(=k, b k"), r>7".
Page 339, Eq. (9.7) should read:

Oulk;r,r)=

FyT(k)skLW[Fs(ky),®s k)] 9.7
Equation (9.9’) should read:
Ss(R)=[Fs(=R)]F (k). 9.9

Page 344, line 6 from bottom, right-hand column: Insert ‘“upper
half of the” before “complex.”
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